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ABSTRACT

Historically, engineering and manufacturing have been dominated by analog processes—manual,
continuous, and heavily reliant on human intuition and trial-and-error. Digital technologies
have revolutionized communication and computing, enabling unprecedented scalability, preci-
sion, and complexity, yet our methods for designing and fabricating physical structures remain
largely analog, fragmented across disciplines, and resistant to integration, significantly limiting
innovation across complex, multidisciplinary domains. We need a parallel digital revolution
in the physical realm that implements principles of discretization, modularity, hierarchy, and
error correction to create new possibilities for physical design and fabrication. By applying
these principles to physical structures, we can enable precise placement of functional materials
with embedded electrical and mechanical properties. These ‘Digital Material’ structures bring
digital programmability to the physical realm, mirroring the transformative impact of digital
technologies in other fields.

This transformation requires new design methodologies to faithfully model our complex
environment and enable us to design a new world where the physical and digital become
indistinguishable. My thesis introduces a fully declarative and inverse workflow for designing
and building scalable Digital Material systems. These workflows allow users to model and
design systems that span scales (micro, meso, macro) and disciplines (electrical, mechanical,
aerospace, architectural engineering) without being experts in all—or any—of these fields.
The introduced workflow uses domain knowledge as priors and universal design representations
across all stages of design, simulation, optimization, fabrication, and control.

Leveraging the discrete and hierarchical nature of the Digital Material system, I first
introduce a multi-scale multi-physics simulation tool for mechanical metamaterial. I then
present target-based multi-scale optimization workflows for the design of the geometry as well
as the growth of cellular structures and soft robots. Next, I introduce advanced path planning
algorithms—swarm, recursive, and hierarchical—for scalable robotic swarm assembly; as
well shape-control optimization for the reconfiguration of these robots. The work extends to
introduce a comprehensive design tool to design and build intelligence and physical computing,
and culminates in an end-to-end inverse design workflow of electromechanical structures, that
transforms text specifications into physical designs. The workflow is used to design a plethora
of static and dynamic structures, ranging from bridges and shelters to aerospace structures,
robots, and electronics.
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Chapter 1

Introduction

1.1 Problem Statement

Throughout human history, no innovation has progressed as rapidly as digital technologies [1].
This has profoundly transformed our physical world; with the rise of the Internet of Things,
our built environment is becoming smarter, more dynamic, and increasingly complex. Every
year, the line between physical and digital becomes more blurred. However, if we look at
the history of computer-aided design (CAD), engineering (CAE), and manufacturing (CAM)
tools, there have been very few radical advancements since the invention of Sketchpad in
1963, the very first interactive CAD system [2|. These radical advances are needed to not
only faithfully model and respond to the complex environment around us; but enable us to
imagine and design a new world where the physical and digital are indistinguishable. An
indispensable requirement for this new generation of design tools is the ability to model and
design systems that span (1) scales (nano, micro, meso, macro) and (2) disciplines (electrical,
mechanical, aerospace, architectural engineering) (3) without the user being an expert in all
(or any) of these fields.

If we look at current design workflows, even though there exist integrated design, simulation,
and fabrication workflows that span across different disciplines (see Figure 1.1); these tools
have a lot of limitations. First, these linear workflows rely heavily on domain knowledge
and expertise and require that the user knows exactly what they want to design before they
use the tools. Moreover, CAD, CAE, and CAM tools are developed independently, each
with independent geometrical representations and solvers, which means there is no way to
propagate errors forward or backward, which makes it harder to visualize the impact of a
design decision on the final product being built. That’s why most multi-disciplinary design
optimization workflows are slow and inefficient. Finally, even in more advanced, integrated
CAD/CAE/CAM tools, feedback cannot be returned to the system to improve the design
after the object has been built.
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Figure 1.1: Traditional Design Workflows.
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1.2 Motivation

A main driving question for my research is ‘How to democratize design workflows to
span across scales and disciplines?’ To achieve that, we need (1) novel physical and (2)
digital tools that can handle complexity and grow reliably.

Cell Division

Morphogenesis

Inspirations

Machines  Architecture Limit  of Morphogenesis Automata
(1936) (1945) (1948) (1952) (1966)

Computation and Communication

Figure 1.2: Inspirations for the Physical Embodiment and Digital Design Workflows.

The first question is what inspiration could we draw for the physical embodiment?
The first thing that comes to mind as the most scalable and diverse ecosystem we know is
biology. In biological growth and evolution, a dynamic range of structures can be found:
primary (protein sequence), secondary (helix), tertiary (chains), to quaternary (assemblies).
In the process of morphogenesis, a cell doesn’t contain the final blueprint of what it is going
to build, it just contains and follows simple instructions on how to build it. It does that
reliably because of principles like discretization, distributed computation, hierarchy, and error
correction.

The second question is: how do we then create scalable digital tools to model this
process? If we look through history, Turing, Von Neumann, and Shannon, used these same
principles to create scalable and reliable communication and computation workflows. At the
end of their careers, Turing and Von Neumann studied morphogenesis and self-reproducing
automata as a basis for a new direction in computing.
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1.3 Background and Related Work
1.4 Digital Material

The digitization of analog signals has revolutionized the communication and computation
industry, but there is still lots of potential for the same principles to be applied to the
physical world. In my thesis, I focus on the inverse design of Digital Material systems.
These are metamaterial structures made of discrete reconfigurable heterogeneous cells, where
one controls the global behavior of the structures by changing the properties (geometry,
material, capabilities) of the cells. Most importantly, they follow digital scaling principles
(modularity, hierarchy, parallelism, and error correction). In these systems errors can be
incrementally detected and corrected; as the code of construction is embedded in the individual
building block rather than relying on the complexity of the builder. That means that an
unreliable simple builder can build a scalable deterministic structure quite precisely, in
contrast to state-of-the-art additive and subtractive processes where the precision of the
fabricated parts is constricted by the accuracy and complexity systems. Therefore, the cost
of developing machines that can build large structures while maintaining a high resolution
grows exponentially [3].

Using digital material principles, researchers have developed macro-scale, ultralight lattice
materials with record-setting mechanical properties [4] and mass-producibility [5], as well
as heterogeneous mechanical [6] and robotic properties |7]. Applications include structural
systems for morphing wings [8] and ultralight aerostructures [9], statically reconfigurable
infrastructure [10], and designs for large-scale space structures [11].

Even though digital design tools were used to design and model the individual components,
none of the presented larger digital material systems were designed using digital design tools.
These were all designed by domain experts using slow forward iterative design workflows
(mainly through fabrication trial and error) because of limitations in available digital design
workflows that could not handle, visualize, or simulate systems that are made of hundreds
(or thousands) of components.

Given a fine enough resolution, recreating conventionally manufactured objects using
digital materials is a feasible task. This then unlocks the ability to place any functional
material at any location making the new design space exponentially larger [12]. Therefore,
there is a need for the introduction of discrete design workflows that are capable of modeling,
optimizing, and designing new interdisciplinary digital material systems.

1.5 Digital Design Tools

To develop universal workflows for the design of digital material systems that span across
scales and disciplines, there is a need for novel (1) design representations that help with
(2) end-to-end design integration across different disciplines and stages of the design, as
well as scalable approaches to (3) automate the design discovery to find innovated - yet
optimum solutions - based on functional specifications.
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1.5.1 Design Representation

The choice of the correct representation and parameterization of design space is one of the
most crucial steps in approaching design. “This view can be extended to all problem-solving
— solving a problem simply means representing it so as to make the solution transparent” [13].
In their review paper, Bermano et al. [14] present a comparative analysis of fabrication-based
design representations in terms of conciseness, expressiveness, differentiability, and easiness
of use with minimal post-processing for subsequent processes such as physics simulation and
manufacturing processes (mainly additive manufacturing). The conclusion was that there
wasn’t a “dominant representation” that performed best in all criteria, however, there usually
is one for a specific application and fabrication process in mind. In my thesis, I will use the
same criteria to choose and evaluate the design representations that work best for digital
material design and manufacturing.

1.5.2 Inverse Design

The automatic discovery of innovative design alternatives given high-level functional require-
ments has been a long-standing goal in engineering design. In contrast to the traditional
imperative design process, where designers heavily rely on their expertise to suggest new
design solutions in a linear tedious process, in declarative design workflows, the designer
only focuses on architecting the functional requirements. Achieving fully declarative design
workflows is an indispensable step in democratizing interdisciplinary engineering design for
the masses.

It could be argued that one of the first examples of the use of Al for automatic design
synthesis is the Westinghouse Electric Corporation programs that were used to design electric
motors, generators, and transformers in 1956 [15]. Then in Herbert Simon’s 1969 paper
“The Science of Design: Creating the Artificial” he introduced foundational principles of how
to approach inverse design and underscored the importance of choosing the correct design
representation (in particular using hierarchy in the design process to reduce the complexity),
use of resource efficiency and parallelism when evaluating design alternatives, and use of
state-of-the-art search methods and statistical decision theory to evaluate and choose design
alternatives [13].

Recently, there has been an emergence of different inverse design or generative design
approaches. Topology optimization is one of the main generative design approaches used
across a variety of engineering disciplines. Cagan et al. [16], [17] introduced “a framework
for computational design synthesis” that was used for the design of soft robots morphology
and controls using evolutionary search [18], [19]. Data-driven machine learning has been
widely incorporated in different ways in the inverse design process, either in a supervised way
to create surrogate models for expensive design evaluation processes which are cheaper to
evaluate and differentiable; or in an unsupervised way to create generative models. These
are however data-hungry methods that are usually not generalizable and do not provide a
guarantee either for the correctness of the surrogate model or for the optimality of the design
alternatives created by the generative design process.

Physics-informed machine learning on the other hand offers a better alternative than
data-driven machine learning approaches as it solves both problems. The emergence of
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differentiable programming tools helped with the ability to create differentiable simulation
engines that could be incorporated into the design search processes. The ability to use
the generated gradient of the cost function against the design parameters makes the search
process less random hence more efficient.

1.5.3 End-to-End Design Integration

Most of the inverse design or automated design workflows discussed earlier were used for
specialized engineering domains (i.e., material science, aerospace, architecture, mechanical,
electrical engineering) and usually focus on one evaluation criteria/objective (usually func-
tional performance at one moment in time) while ignoring other important parameters like
fabricability, and other life-cycle factors like control, reconfiguration, and maintenance. There
are only a very few examples in the literature of end-to-end tools that can automatically
generate interdisciplinary designs from high-level functional requirements, and these are
mainly (if not exclusively) for robotics design and manufacturing [20], [21], [22], [23], [24] and
are not extendable for other applications.

Two examples of end-to-end workflows for digital material design were presented in Hiller’s
Ph.D. thesis [12] and Ghassei’'s Master’s thesis [25]. Hiller presented a novel workflow for
digital material multi-material “printing” as well as simulation and optimization workflows
using his tool VoxCad [12]|. He only focused on digital material on the microscale with base
units that have limited capabilities. Ghassei introduced DMDesign a CAD, simulation, and
CAM workflow for digital material design [25]. The tool used hierarchical abstractions to
represent different types of electro-mechanical digital material components. In my thesis, I
plan to build on and extend these two bodies of work to develop end-to-end (CAD, CAE,
CAM, and control) inverse design workflows (starting with target functional specifications)
with a focus on scalability (abilities to handle thousands/millions of components). The goal
is for these tools to be used for applications on different scales and disciplines.
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1.6 Thesis Structure

In my thesis, I investigate two critical questions: (1) How can physical design be made as
programmable, modular, and scalable as digital code? and (2) How can discrete, modular
design principles unlock scalable, cross-disciplinary design workflows for engineering complex
systems?

Analogous to how the transition from analog to digital logic enabled the exponential
scaling of advancements in digital technologies, in my thesis I will introduce the concept of
discrete design, a design paradigm that uses principles of (1) discretization, (2) distributed
computing, (3) hierarchy, and (4) error correction to develop scalable, integrated workflows
for digital material design. I created inverse design a workflow for these systems by using
domain knowledge as priors and a universal design representation across all design stages
(simulation, optimization, fabrication, and control). These tools have been used to design a
plethora of structures, ranging from bridges to shelters, airplanes, robots, and electronics.

:l ’-n;d’ Control
(-]
Simulation \

Traditional Design Workflows

| $-4 > X
g—»'—»D—»@\—» '—>tg |:> o Uﬂn;g
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Knowledge
@\ Design
Machine
Learning &
Optimization )
% Fabrication
Introduction
Simulation: Optimization: Growth:
MetaVoxels Simulation Tool Multiscale Inverse Design Learning Morphogenesis
Thesis Fabrication: Control: Design Integration:
Chapters Reconfigurable Swarms Shape-Control Optimization Physical Computing Design Tools
Case Study:

How can Anyone Design and Build a Pavilion in One Day?

Conclusion

Figure 1.3: Thesis Structure.
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Chapter 2

Simulation: MetaVoxels Simulation Tool

2.1 Introduction

To enable inverse design across scales and disciplines, I first address a foundational limitation:
the lack of simulation tools capable of handling the scale, hierarchy, and complexity of
systems composed of thousands of components. Therefore, I developed MetaVoxels [26] as
a scalable tool to simulate large metamaterial structures in a fast and efficient manner. It
takes advantage of the inherent modularity and hierarchy of such structures by using efficient
parallelization and multiscale simulation.

A el
O4 foreach timestep
rA foreach edge
t‘i‘;‘ fetch currentPosition from nodes
¥ calculate and update strain and stresses
- calculate and update internal forces/moments
=Sk foreach node
e fetch internal forces/moments from edges
Experimental vs CMods vs FEA (NASTRAN) vs MetaVoxels fetch external forces/moments
Atoms vs Particles vs Tetrahedron vs Beams integrate currentPosition from forces

Number of Elements Decreases

Figure 2.1: MetaVoxels [26] Simulation Tool Overview. (a)Discretization Comparison
between different Tools [27] (b) Overall Workflow

When looking at state-of-the-art (SOA) simulation tools to simulate metamaterial and
lattice structures, one will find an abundance of FEA tools to simulate individual units in
detail. However, when simulating 3 by 3 by 3 units or more, it becomes infeasible to use the
same detailed discretization and the same solvers that have polynomial or even exponential
scaling with the problem size. Therefore, there is a need to create flexible tools with different
types and levels of discretization based on the simulation scale and fidelity. Particle methods
such as mass spring systems are widely used in computer graphics for dynamic simulations
and simulating structures with large deformations. The structure is discretized to point
masses and one can tailor the force laws that are between these masses to simulate different
physical behaviors. Then, all that is needed is to solve a system of ODEs, which describes how
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these masses move through time under the forces using a chosen integration scheme. These
equations are much simpler than FEA and could be all solved in parallel which makes it much
more computationally efficient (see Figure 2.1). However, the accuracy of the simulation is
highly dependent on the force laws used and the integration scheme. MetaVoxels addressed
this point by introducing different levels of abstractions for the particle system (oriented
particles and hierarchical particles) with more complex interparticle forces inspired by FEA
and homogenization theory. The next table shows a comparison between SOA tools that are
currently used to simulate mechanical metamaterial. MetaVoxels was first developed based
on VoxCAD |[24] but went further by adding GPU computation, differentiability, multiscale
particles, arbitrary angle beam solving, and multiphysics modeling (fluid-solid interaction).

Frame3DD | GSA (Oasys) | Abaqus | VoxCAD | MetaVoxels
v

GPU

Statics
Dynamics
Non-linearity
Large Angles
Arbitrary Angles
Multi-scale
Multi-physics
Differentiability

LR I R N N R N
IR ESEYENESANEN

SRR R N R R R N

AP CIRNENENENENE

v
v
v
v
v
v
v
v

S

Table 2.1: Comparison between SOA Mechanical Metamaterial (Beam Based) Simulation

tools and MetaVoxels

2.2  Structural Mechanics Model

2.2.1 Euler-Bernoulli Beam Model

MetaVoxels’ simulation uses oriented particles with 6 degrees of freedom: three rotational
degrees of freedom in addition to the traditional three translational degrees. I then used
Bernoulli-Euler beam theory to prescribe the biaxial bending, transverse shear, and axial
stretching that is exerted on each beam [28]. At each timestep, the code goes through all
nodes and calculates the forces exerted on them from the external forces applied to the
structures, as well as the internal forces that are exerted from the stresses in the attached
beams. It then integrates through time to get the new nodes’ position/rotations using a
double Euler integration scheme. Finally, it goes through all the beams and calculates the
new internal forces caused by the nodes’ displacements/rotations. After enough time steps, all
the forces propagate through the entire structure, and the solution converges to the analytical
solution.
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2.2.2 Beam Model

Each element (beam) has 12 degrees of freedom:
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where K is the stiffness matrix, I is the bending moment of inertia, J is the polar moment

of inertia, F, is the composite stiffness of a bond between two dissimilar materials, G. is the
composite shear modulus, . is the composite Poisson’s ratio and [ is the beam length.

(2.5)

J:

G —

2.2.3 Dynamic Parallel Model

Based on [12] and [29], at each time step, in order to simplify the computation, transformations
are computed and applied to align each element from its original orientation to face the
positive X direction, effectively translating the position and angle of the first voxel to
zero. Considering that the first node of each element to be located on the primary X axis,
X1, Y1,71,0,,,0,,,0., will all be zeros and the transformation into the X-direction stiffness
matrix is a trivial calculation. I then transform Xy, Y5, Z5,0,,,0,,, 0., to the original rotation
matrix. Therefore, the calculation of the larger matrix is reduced to the following equations:

Fp = —a1 Xy
= —b1Ys + b0,
= —b1Zy + b0,

M,, = —asl,2
M, = byZy + bs0,,
M., = =Y + b30.,

Fy,
F,

Fo - —F, (2.6)
Fy, = —Fy,
P, =—F,
M., = as0,,

M, = by Zy + 2b30,,
M., = —byY5 + 2b30.,
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Then the forces F; and moments M; on each node are calculated as follows:

b=n
F, =) F
b=1
o (2.7)
M, =Y M,
b=1

2.2.4 Integration

Double Euler integration is used from timestep ¢, to t,.1 =t + dt:
P, =P, + Fdt
Dtn+l

Qg)t'rH—l = Q;tn + Mtdt

~ P,
m (2.8)

e_;n-kl = gtn + ¢t"+1 dt
I
where D is the three-dimensional position vector, 0 is the three-dimensional rotational, P
is the three dimensional linear momentum, ¢ is the rotational momentum. Finally, m is the
mass and [ is the rotational inertia.

2.2.5 Damping

Damping should be applied at the local interactions between neighboring nodes, rather than
simply adding a force proportional to each node’s overall velocity, which would also suppress
rigid body motion. By introducing damping at the node-to-node level, we prevent modal
vibrations at the scale of individual voxels from building up [12]. For each edge, first the
average position, velocity, and angular velocity are calculated. The velocity of the second
voxel relative to the first:

Vos1 = (Vo = V) + (Dy — Dy) * @, (2.9)

172 is the velocity of the second voxel, Va is the average velocity of two voxels, 52 is the
position of the second voxel, D, is the average position, &, is the average angular velocity.
For each voxel, I calculate the damping force as

Fy = 26V/mkV, (2.10)

F, is the damping force, m is the mass attached to a edge with stiffness k and a relative
velocity V.. The damping ratio ¢ is normally selected as 1, corresponding to critical damping.
Angle velocities are calculated as follows:

My = 26\/Tkgw, (2.11)

M, is the damping force with rotational inertia I, with edge of stiffness k& and relative angular
velocity w,., rotational angular ratio £ is also 1.
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2.2.6 Timestep calculation

Before each simulation, the timestep dt is calculated as follows:

dt < 2.12
2wy, ( )
wo,, is the maximum natural frequency of any bond, which is calculated as follows:
Ky
=4/ — 2.13

ky is stiffness of the bond, m,, is the minimum of either mass connected to the bond.

2.2.7 Collision and Friction

The effective normal stiffness on the floor is constrained by the maximum stiffness among
connected masses. As a result, each node in contact with the floor adopts the local stiffness
of the floor at that point. Although this can lead to noticeable floor penetration in some
instances, overall behavior remains qualitatively accurate [12]. A Couloumb friction model is
used where the node will resist motion until:

[EL > pusfn (2.14)

F; is the horizontal force parallel to the ground, u is the coefficient of static friction between
the voxel and ground, and F,, is the normal force pressing the voxel into the plane of the
ground.

Similarly to [12]’s implementation, a boolean flag is used to indicate that the node is
temporarily restricted from lateral movement, while still allowing motion in the direction
normal to the ground - enabling it to become unweighted before shifting sideways. When the
static friction threshold is exceeded during any time step, the flag is cleared, permitting the
voxel to initiate movement in the appropriate lateral direction. The voxel is allowed to move
in any direction, but a friction force is applied in the opposing lateral direction.

g is the dynamic coefficient of friction. To accurately detect when a node has stopped lateral
movement, a minimum motion threshold must be defined. In order to detect a stopping node,
the node is halted when:

f n,uddt

m
Collisions are also damped in the direction normal to the contact surface, using a user-defined
damping ratio that ranges from zero (no damping) to one (critical damping)[12].

Vi< (2.16)

2.3 Benchmark

To compare the scaling performance of MetaVoxels (CPU and GPU) in comparison to linear
FEA (static linear analysis), I created a benchmark test comparing the time needed to
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calculate the vertical uniform load on n by n by n cuboctahedron lattice structures where
n—1,2,3,4,5.6 (see Figure 2.2). The benchmarking was done using the GeForce GTX 1070 Ti
GPU. The graph shows that even though the CPU serial code is faster for small problems,

the FEA code scales exponentially while the GPU solver stays nearly constant (the only big
cost is the GPU initialization).

600
—— FEA

CPU (4 cores)
— GPU

500

400

time (sec)
w
<3

200

100

Lattice Size

Figure 2.2: FEA vs MetaVoxels (GPU and CPU) Performance Comparative Study

2.4  Validation and Convergence
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Figure 2.3: FEA vs MetaVoxels Validation for Linear Static Analysis

The same test case was used to test the convergence of MetaVoxels” dynamic solver to
static FEA’s solution. The graph above shows that given enough time steps (because of

damping and propagation effects) the dynamic model converges to the linear FEA model
solution (see Figure 2.3).
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Figure 2.4: Final Node Displacement for the 7 by 7 by 7 Lattice - FEA vs Parallel Dynamic
Solver

Figure 2.4 shows the final node displacement in the x, y, and z directions for the 7 by 7
by 7 lattice. One can see how accurate the simulation is for all 1400 nodes. The convergence
rate is based on three physical parameters: the size (depth) of the structure, Young’s modulus
(the stiffer, the faster it converges), and the mass of the nodes. That’s because, to ensure
stability, the time step and damping factor calculation are based on the Young’s modulus
and node mass.

Even though many time steps are needed for the convergence, the simulation speed is still
orders of magnitude faster than the corresponding FEA analysis for large structures. That is
because:

1. The dynamic model does not need to assemble or invert a large stiffness matrix for the
displacement calculation, which is usually the bottleneck of FEA solvers as these steps
are very hard to parallelize (there are ways to parallelize them using graph coloring
techniques, but they are still very inefficient for non-sparse structures).

2. All calculations are highly parallelized, and one can use the GPU for computation.

3. The bottleneck in the GPU computation is getting the arrays from the CPU to the
GPU, but once it is there, the marginal cost of computing more time steps is nearly
negligible.

4. Now that the dynamic model is implemented, it is very easy to incorporate nonlinear
and large deformation/analysis.

2.5 Hierarchical Modeling

Building on the dynamic parallel solver, I introduce new types of hierarchical particles with
increased degrees of freedom. I will explain the workflow that transitions from thousands
of elements (FEA/DEM) to hundreds of elements (Beam Theory) to just tens of elements
(Homogenization and hierarchy). This approach uses homogenization theory to numerically
calculate the elasticity tensor from voxel units, pre-calculated from more detailed analysis.
Using these properties, for coarse simulations, we can assume that the material is on
a cubic lattice, with FEuler-Bernoulli beams of thickness equal to the size of the voxel. In
addition to the 6 degrees of freedom, each particle has other properties like Young’s modulus,
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Poisson ratio, and coefficient of thermal expansion. However, global properties are still
defined by local interactions (see Figure 2.5).

o

|

Figure 2.5: Simulation Examples. (A) Multi-material Detailed vs Hierarchical Simulation.
(B) Thermal Expansion and Laminate Structures. (C) Tendon Simulation. (D) Applying
tension to positive vs zero vs negative Poisson ratio structures.

2.6  Multi-Scale Hierarchical Modeling

Beam Model Homogenized Model Multiscale Model

3292 Nodes, 11476 edges 830 MNodes, 2111 edges 264 Nodes, 1034 edges

78% less nodes and §2% less edges 92% Iess nodes and 91% less edges

Himogerization I I Homogemzation

Figure 2.6: Multiscale Hierarchical Modeling

To speed up the simulation even further, multiscale particle simulation was implemented,
where one can simulate particles with different sizes in the same simulation, using bigger
particles in more homogeneous materials and smaller particles when more accuracy is needed.
In the multiscale particle implementation, two important points had to be adjusted to the force
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rules: first the non-axial forces on the nodes, and second the new hierarchical representation
with nodes having parents and children (see Figure 2.6).

=

Oriented Particles Hierarchical Particles Multiscale Particles

00le m e @ Oriented Particles
/\ Hierarchical Particles
[l Multiscale Particles

Displacement

Oriented Hierarchical =~ Multiscale

40
Particles Particles Particles

Node Pos X

Figure 2.7: Comparative Study between Oriented, Hierarchical, and Multiscale Particle
Simulation (Cantilever)

A case study (cantilever) was conducted to compare the accuracy of different hierarchical
representations. An important point to note is that, in comparison to beam modeling,
hierarchical modeling will take much less time to simulate, not only because it has a smaller
number of nodes/edges, but also because one can take much bigger time steps. Since the
timestep size is directly proportional to the particle mass and inversely proportional to the
slenderness ratio of the beam, one can take much bigger time steps in hierarchical modeling

while the simulation remains stable (130x speedup) with minimal loss of accuracy (see Figure
2.7).

2.6.1 Case Study: Morphing Robotic Lattices Modeling

MetaVoxels was also used as a fast prototyping tool to model the morphing behavior (twisting
and bending) of discrete lattices [30]. This behavior is very hard to model using traditional
implicit SOA simulation tools given the large non-linear deformation as well as how hard to
integrate collision models (with the floor) in the simulation. There is qualitative agreement
with the deformation of the physical experiments, but more quantitative studies are underway

to tune the hierarchical particle stiffness to have a better quantitative agreement (see Figure
2.8).
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2.7 Fluid-Solid Interaction
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Figure 2.9: MADCAT Representations

2.7.1 Case Study: MADCAT

Finally, as a case study, I used the NASA MADCAT morphing wing [31] [9], which the team
had great difficulty simulating when designing / optimizing it when using SOA tools (see
Figure 2.9). Figure 2.10 and Table 2.2 show the quasi-static simulation of a uniform load
using different hierarchical representations.

Coarse Adaptive/Multiscale Fine
345 nodes and 743 edges | 1520 nodes and 3953 edges | 2491 nodes and 6411 edges
Time: 1.79 seconds Time: 8.12 seconds Time: 15.03 seconds

Table 2.2: MADCAT Comparison (Coarse vs Adaptive/Multiscale vs Fine)
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Figure 2.10: MADCAT Comparison (Coarse vs Adaptive/Multiscale vs Fine)

As a last step for the MADCAT case study, instead of just using uniform loading like the
last case study, I implemented 3D Lattice Boltzmann method (LBM) to emulate the wind
load on the wing. 3D LBM was implemented on the GPU and full fluid-structure interaction

was implemented as explained in Figure 2.11.

Set initial boundary conditions in
Setup— and geometry ;n MetaVoxels

Geometry conversion:solid
(MetaVoxels) to LBM grid through

concave hull of the nodes
LBM—

Run LBM for n timesteps

¥
Get pressure values at geometry
edges

For t timesteps

Convert pressure to force on edge
nodes (closest)

|
MetaVoxels Run MetaVoxels simulation
for m timesteps

Concave Hull

Figure 2.11: Multiphysics (Fluid-Structure Interaction) Workflow

Figure 2.12 shows an exaggerated wind load on the wing to show not only the effect of
the wind load but also the effect of the wing on the fluid steam, creating a fully dynamic

simulation.
This represents an initial step toward advanced fluid-structure interaction simulation.

While further validation is needed, it stands as one of the few tools capable of performing full
3D fluid-structure interaction simulations at this scale in real-time or faster. This capability
makes it valuable for low to medium-fidelity simulation applications.
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Figure 2.12: MADCAT Simulation - Exaggerated Loads - MetaVoxels and LBM Simulation
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Chapter 3

Inverse Design of Macro-scale Discrete
Mechanical Metamaterial

3.1 Introduction

Now that we have established how to simulate these complex digital material systems, the
next step is to determine how to design and optimize them. Designing materials based
on global properties has been a perennial challenge. Using metamaterials, local cellular
structures could be designed to control global properties to surpass continuum material
properties. Inspired by nature (wood, bones, and foams), research showed advancement in
metamaterial design in many applications on many scales [32], [33], [34].

Inverse design methods including topology optimization have been used to either design
the micro or macro structures of metamaterial to achieve target goals [35], [36], [37], [38].
Homogenization theory is used to translate between scales [35] [39] and different concurrent
optimization methods [40] are used to hierarchically design the structures [37]. These methods
are used to efficiently optimize structures in a scalable manner [41].

However, when designing such structures, it’s important to include fabrication constraints
in the optimization process, which is often left to the post-processing phase leading to
suboptimal structures. For microstructure optimization, lots of research has been implemented
to limit and cluster microstructures or create connectivity constraints to make sure they can be
fabricated [42]. Then, additive manufacturing is nearly always used to fabricate the nano and
micro metamaterial [34]. Even for research that suggests the use of topology optimization for
large-scale mechanical metamaterial [41], additive manufacturing/3D printing is still suggested
as the fabrication method, even though 3D printing is not a scalable fabrication solution for
large-scale mechanical metamaterial. That is because of the grave limitations in terms of cost,
build volume, throughput, and constrained /poor compatible material performance. Moreover,
even if one can scale the build volume, there is a high tradeoff between scale, precision, and
cost. Since large, precise machines are expensive to build, there are significant challenges to
creating high-quality, low-cost macroscale (>1 m) mechanical metamaterials.

To address this problem, discrete metamaterial has been introduced as a scalable way
to fabricate macroscale mechanical metamaterial. High performance detailed parts [4] are
mass-produced with inexpensive efficient injection molding and 2D processes and could be
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later robotically assembled in a high-throughput manner to build large-scale structures [43],
[44], [45]. If the mechanical connections have been properly designed to be stronger than the
local beams, the local beam properties govern the global lattice behavior, continuum behavior
is achieved, and the discrete structures behave like they were produced monolithically.

In addition, the connections are designed to be reversible, which is important in case
of failure, maintenance, or when designing reconfigurable structures for earth or space
applications [6]. This approach has been proven to be scalable for thousands of pieces [11][9].
By changing the geometrical properties of these discrete parts, structures with different distinct
global behaviors can be developed [6] and since the connection is modular, by combining
different parts, one can design heterogeneous structures that have rich nonisometric properties.

However, in all of these examples, a tedious manual forward design process has been
used to design either the units or the large-scale structures. Even if these structures have
record-breaking properties, they are not specifically optimized for specific applications, and,
especially for heterogeneous structures, there is no way to know the optimum placement for
each type of microstructure.

Therefore, in this chapter, I will introduce an inverse design workflow to design discrete
mechanical metamaterial. The fabrication process and its constraints are inherent in the
concurrent micro-macro-optimization. I first introduce a top-down approach where I start
with the macrostructure design requirements and use hierarchical clustering to derive a family
of optimized 2D (for 2D processes) or 3D parts that are assembled to create an optimized
heterogeneous structure. Next, I generalize the previous method by introducing a bottom-up
approach where I use an inverse design workflow to create a universal library of parts that
could be used in any macrostructure; along with an automated workflow for macrostructure
optimization to determine where each part should be placed. A comparative experimental
analysis will be presented to understand the benefits and costs of each.

3.2 Results

3.2.1 Inverse Design Workflow

To ensure that the optimized design of the mechanical metamaterial is able to meet the
manufacturing and assembly constraints of the mechanical metamaterial assembled discretely,
the discrete material construction system introduced in [6] - cuboctahedra voxels connected
to the face (cubocts) - has been used where each voxel is discretized into 6 faces. There are
two types of mechanical connections: inner voxel joints that connect the faces to assemble a
voxel, and intervoxel joints that connect neighboring voxels (see Figure 3.1 A).

To guarantee an efficient search process, it is important to find the correct design
representation for the micro- and macrostructure geometry. This representation should
ensure a low-dimensional design space while remaining expressive enough to represent a wide
range of high-resolution geometries. Neural implicit fields using Fourier projections were
therefore chosen as the geometry representation micro- and macrostructure. Unlike discrete 3D
geometric representations (meshes, voxels), which contain a finite amount of information about
the geometry /signal, implicit neural representations parameterize a continuous differentiable
signal using a neural network. These representations have been widely used for 3D scene
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Figure 3.1: Inverse Design Workflow Overview. (A) Discrete Metamaterial. (B)
Macrostructure Optimization Workflow. (C) Microstructure Optimization Workflow. (D)
Multiscale Optimization Workflow. (E) Neural Implicit Field with Fourier Features.

reconstruction and compression [46]. For encoding high-frequency, high-resolution data,
simple periodic feature transformations such as Fourier feature mappings help maintain a
low-dimensional design space [47|. This approach has been applied in topology optimization
for length-scale control, ensuring that optimized designs meet manufacturing and functional
requirements with minimal post-processing [48].
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Therefore, a workflow using neural implicit fields, combined with a differentiable FEA
simulator and embedded fabrication constraints, all running efficiently on the GPU, is
introduced for the multiscale topology optimization of discrete mechanical metamaterial (see
Figure 3.1 B-C).

3.2.2 Bottom-Up Optimization
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Figure 3.2: Bottom-Up Optimization. (A) Fabrication Constraints. (B) 2D Microstruc-
ture Design. (C) 3D Microstructure Design.

Figure 3.2 A shows the fabrication constraints introduced in the optimization process,
making sure (1) the voxel faces are only connected using the inner and intervoxel connections,
(2) each face constitutes one connected geometry, and (3) constraints for the minimum and
maximum thickness of each beam features that guarantee that the discrete structure behaves
like a monolithic structure are implemented.
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minimize f(CH (¢, DW))
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e Where:

— [ is the objective function (such as minimum compliance, maximum stiffness, etc.)
— ¢ represents the design variables (neural implicit field parameters)

— K(¢) is the global stiffness matrix derived from the design

— CH is the homogenized constitutive matrix

— g represents constraints such as square symmetry or isotropy requirements

— d are the displacements associated with applied strain fields

— F@ are the force vectors associated with the strain fields

— Vinaez 18 the maximum allowed volume fraction

For the first fabrication constraint, this is implemented modifying the design space,
insuring after each optimization epoch that any neighboring voxels faces are only connecting
through the prescribed 4 connections. Then to ensure that each face is made form only one
connected geometry, small dummy forces that are normal to the connections are added to
the boundary conditions. Finally, the minimum and maximum thickness for the 2D and
3D connections can be tuned using the Fourier mapping parameters. Figure 3.7 A & B
polar diagram of elastic anisotropy show the effect of the discretization on an optimized
microstructure.

Figure 3.2 B shows the optimization results before and after introducing all fabrication
constraints for the 2D microstructures. These optimizations target different objective functions
including maximum shear modulus, bulk modulus, and minimum Poisson’s ratio. The same
workflow is extended to design 3D discrete mechanical metamaterial. Figure 3.2 C shows
optimized 3D microstructures with various target objectives.

3.2.3 Top-Down Optimization
2D Optimization

Next, I will introduce a top-down approach for the optimization of digital material macro
and micro structures. Figure 3.1 C shows a diagram of the workflow. I start by discretiz-
ing the structure and setting the boundary conditions and the objective function for the
macrostructure, and optimizing the macrostructure using the following objective function.
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minimize u' K(p)u
subject to K(p)u =f,

Zpeve <V
e

Next, I was able to get the principle strain deformation for each element, and get the
following vector: and, using K means clustering, I was able to cluster the elements that have

(3.1)
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similar principle strain deformation by minimizing the following distance:

e
dist=7 Y Ilxi—ml;

r=1 x;,€Q,

The sample data used in the direction-based cluster analysis for element 7 can be expressed
as [49] (where «; denotes the chosen principal stress direction of element 7):

x; = [cos (20y) , sin (204)]

By plotting the elbow plot as well hierarchical clustering I can choose the appropriate number
of clusters. Next, for each cluster using the average strain vector (deformation U, of nodes)
for each group, I can optimize the microstructures using the same workflow introduced in the
previous section. Figure 3.3 A-E shows the workflow implemented to optimize microstructures
for a 2D cantilever.

3D Optimization from 3D Faces

The same workflow can be extended to 3D, by grouping different 3D elements using their
3D principal strain directions and implementing the fabrication constraints in Figure 3.7
B. Figure 3.4) shows the workflow implemented for the multi-scale optimization of a 3D
cantilever.

3D Optimization from 2D Faces

Additionally, I can extend the workflow for the inverse design of 3D macroscale metamaterial
constructed from 2D pieces. Creating 3D metamaterials from 2D pieces using high-throughput
fabrication processes like laser cutting and stamping offers significant advantages over tradi-
tional 3D printing methods. These 2D manufacturing techniques enable rapid mass production
of precision components at a fraction of the cost and time required for additive manufacturing.
Although 3D printing faces severe limitations in build volume, material options, and produc-
tion speed, 2D fabrication processes can quickly produce thousands of identical parts that
can be robotically assembled into large-scale structures. This approach allows for efficient
scaling to structures that exceed one meter in size while maintaining high precision and
structural integrity. Additionally, using 2D manufacturing techniques enables flat packing
for transportation, simplifies quality control through standardized parts, and facilitates
easier maintenance and reconfiguration since components can be individually replaced when
damaged. The modular nature of these assembled structures also permits the creation of
heterogeneous systems with varied mechanical properties throughout the structure.

Figure 3.5 A demonstrates that microstructures constructed from 2D faces can still achieve
highly anisotropic properties. The multiscale optimization workflow can be modified by
extracting 2D deformation maps in the XY, XZ, and YZ directions, then applying the same
clustering approach, before optimizing the 2D microstructures. This approach allows us to
create complex, high-performing 3D metamaterials using a small library of 2D pieces, offering
a scalable and affordable method for designing and fabricating macroscale metamaterial
structures.
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2D Material Library

Furthermore, I extended the workflow to design a universal 2D library of pieces using different
strain directions that could be used to build any macroscale structure. This approach
eliminates the need to redo microscale optimization for each new macroscale structure,
significantly reducing computational costs and design time. By analyzing a wide spectrum
of possible deformation modes and creating optimized pieces for each mode, I developed a
comprehensive material library that covers most practical applications. When designing a
new macroscale structure, one can simply map the local strain fields to the closest matching
microstructure in our library, allowing for rapid deployment of optimized designs without
repeating the computationally intensive microscale optimization process.

First, I use n strain directions with an increment of 11.25 degrees. In order to translate the
principal strain direction to the strain vector that I can use for optimization, I use CMAES
to find a strain vector filed with a unit norm that will result in the desired principal direction
(see Figure 3.6 A). Then by rotating and mirroring these 2D faces I can cover all principal
directions (see Figure 3.6 B). Figure 3.6 C shows how this approach has been used in the
multiscale optimization of a 3D cantilever.
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Figure 3.6: 2D Material Library. (A) Unit Strain Field Discovery Workflow from Strain
Direction. (B) 2D Material Library. (C) 3D Printed 3D Optimized Microstructure Vs Cuboct
(base case).

3.2.4 Fabrication and Testing

To test the introduced workflow, we fabricated a standard cuboctahedron lattice as well as
an optimized lattice for a vertical compression load. In each case, we assembled a 3 by 3 by 3
block of the material using 2D faces laser-cut from 1.5 mm thick acetal sheets, riveted together
using 3D printed brackets made from nylon with chopped carbon fiber (Markforged Onyx
filament), as shown in Figure 3.8 B. The geometry of the joints is relatively simple, consisting
of interconnected L-brackets. Because the interconnection primarily assists in the fabrication
workflow, and is not structurally active, we could switch to, for example, off-the-shelf metal
L-brackets to extend this workflow to more rigid materials, without needing to redesign the
connection or fabrication system.

To optimize the structure against a vertical compression load, I applied the boundary
conditions and extracted 2D deformation maps in the XY, XZ, and YZ directions. I then
replaced the cuboctahedron faces in the standard lattice with appropriate faces from the
universal material library based on the principal strain directions.

The standard and optimized cuboctahedron geometries were compared using compression
testing on an Instron 5985 machine (see Figure 3.8 C). The voxels were assembled into
three-by-three blocks, which were then compressed at a rate of 15mm/min to a distance
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Unconstrained Connected Discrete Optimized

Figure 3.7: Effect of Discretization. (A) 3D Unit Strain Field and Direction. (B)
Comparison of Different Discretizations Strategies on Unit Performance. (C) 3D Voxel
Fabrication Details. (D) 3D Voxel from 2D Pieces Fabrication Details.

of 60mm. The measured side length of both blocks is 0.2215 m, giving a cross-sectional
area of 0.04906 m? and total volume of 0.01087 m3. The weight of the standard geometry
is 0.3423 kg, while the weight of the optimized version is 0.4094 kg. The bulk engineering
modulus of the material is then found by linear fit to the elastic regime of the material’s
response, while the maximum compressive strength of the material is taken as the maximum
stress in the material. The heavier weight of the optimized version reflects a higher minimum
beam thickness used during the optimization process. Though we would expect this to result
in a higher strength and modulus from the outset, the experimental results show a more
substantial increase than could be accounted for in increased minimum beam thickness alone.

This testing verifies that the optimized geometry outperforms the standard geometry in
terms of stiffness and strength. The standard geometry’s bulk modulus is 0.329MPa, and the
optimized geometry’s is 1.916MPa, representing a 5.8x increase. To account for the weight
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Figure 3.8: Fabrication and Testing. (A) 3 by 3 by 3 Lattice Optimized Under
Compressive Loading. (B) Fabricated 2D Pieces (Cuboct base Case vs Optimized Lattice).
(C) Instron Testing. (D) Compressive modulus [GPa| versus density kg/m? for the fabricated
geometries in this work, showing an approximately 5x improve in specific modulus for the
optimized geometry as compared to the standard cuboctahedron, as well as better geometric
performance as compared to the injection molded cuboctahedron lattice in [3].

differences, we can consider the specific modulus instead. For the standard geometry, it is
0.0104 M Pa/(kg/m?), and for the optimized geometry, it is 0.0508, representing a 4.88x
increase. For the standard geometry, this 12.32kPa, and for the optimized geometry, this is
38.16kPa, representing a 3.097x increase.
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3.3 Discussion

In this chapter, I present an automated workflow for designing large-scale 3D discrete
metamaterials constructed from 2D pieces. The approach enables efficient fabrication of
complex mechanical structures with customized properties. Comparative analysis of elastic
anisotropy maps between full 3D optimization and the discrete approach demonstrates that
the method achieves comparable performance with only minimal property degradation, despite
the constraints introduced by discretization into voxels and faces.

The 2D-based approach offers significant practical advantages over conventional 3D
manufacturing methods. These include efficient flat-packing for transportation, exploitation
of symmetries to reduce the number of unique pieces required, and simplified assembly
processes. The 2D manufacturing approach is substantially more time and cost-efficient
compared to alternatives. This will result in dramatic improvements in production speed
compared to 3D printing and lower tooling costs than injection molding for small to medium
production runs.

While I primarily demonstrated minimum compliance optimization, the framework extends
naturally to diverse objective functions. For example, I successfully applied this methodology
to design 3D mechanical inverters with optimized force transmission characteristics. The
versatility of the approach enables applications in soft robotics, including customized actuators
and mechanisms with programmable deformation responses. Additionally, the modular nature
of the discrete metamaterials facilitates reconfiguration, allowing adaptive structures that
can be modified for different functional requirements. Although manual assembly was used
in our prototypes, the standardized connection system is well-suited for robotic assembly [43]
[44], opening pathways to scalable, automated production of large metamaterial structures.
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Chapter 4

Learning Morphogenesis: Differentiable
Physical Growth

4.1 Introduction

Once optimal structures are identified, the next challenge lies in translating these static
designs into feasible fabrication and growth sequences. The biological world is built from
growth; from simple distributed rules emerges a complex form. In engineering parlance,
biological growth provides a process in which design and manufacturing are coupled —
the rules that encode how cells propagate and die to determine the structure, while the
processes of birth and death themselves yield embodiment. It is a system in which concept
and realization are unified. By contrast, the process of human engineering is historically
decoupled; designs are conceived, typically in a manufacturing-aware way, and then fabricated;
therefore, I aim to create centralized additive and subtractive manufacturing processes (such
as CNC milling or 3D printing) that can realize almost any design. This sequential and
centralized design-and-manufacturing workflow produces constructs that lack some of the
innate capability of their organic counterparts. Namely, unlike the built world, the biological
world is a) resilient, b) refinable, and ¢) inherently manufacturable. Biological processes have
been of interest since the early days of computing, harkening back to Conway’s Game of
Life, but developing rules for growing interesting and functional structures has remained a
difficult problem. I present a method for learning growth rules using feedback from physics
to grow functionally performant static and dynamic structures that realize the listed benefits
of biological growth. Our approach marries mathematical analysis with biological processes
to quickly learn distributed growth rules atop neural cellular automata (NCA) architectures.
Our approach has biomimetic origins; just as life sprouts diversity, robustness, and capability
through morphogenesis, so too does our artificial life through computational morphogenesis.
In presenting strategies for computational design in approaches inspired by cell-based growth,
such study also allows learning about the nature of biological growth itself. In order for a
biological cell to grow into a complex organism, rules must be encoded through its genetic
code; this code has evolved through billions of years to generate the types of complex
multicellular organisms we see today. In NCA, that code is represented through neural
function. Other than the way in which genes and neural networks are translated to function,
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a key differentiator between biological systems and ours is the timescales upon which design
rules are synthesized — whereas evolution uses survival of the fittest to optimize life over
many geological eons, NCA optimizes over just hundreds of deep learning epochs. Contrasted
with their classical discrete counterparts, such as Conway’s and Wolfram’s automata, NCA
exploits the differentiability of deep neural networks for rapid adaptation; combining these
differentiable building blocks with a differentiable model of the world [50] creates an end-to-
end process that quickly learns optimal growth policies that are tolerant to noise and defects.
Because NCA learns from noisy mini-batches of data over the course of a growth process, they
can grow structures locally and have a memory of how to grow from incomplete structures.
These algorithmic design choices provide resilience and a certifiably structurally stable recipe
for manufacturing by organic or inorganic growth-based processes. Because NCA is built
atop visual deep learning architectures, they are amenable to high-dimensional input and
output spaces, allowing them to reason about and design intricate multi-material structures.
Because the NCA learns from its own exploration of simulated worlds, it can learn free from
the need for curated datasets. Atop the design acceleration provided by leveraging analytical
system and model gradients, our parallelizable deep-learning-based approach offers significant
hardware acceleration, making it highly practical.

4.2 Results

I demonstrate the approach using two problems: the construction of cellular structures and
the morphing of soft robots, demonstrating its applicability to the built static and dynamic
world, and providing insight into how biology evolves to learn optimal growth policies.

4.2.1 NCA Architecture

In both problems, differentiable physics simulation (differentiable Finite element analysis
(FEA) and material point method (MPM)) is used to evaluate the objective function. The
error is back-propagated to update the NCA (convolutional neural network) weights and
optimize the policy. The assumption is that the structures/robots are discretized into cells,
and each has enough memory to hold the NCA weights and its state — 16 floating point
values/channels, some have physical meanings like density, mass, material properties, and
the rest of hidden values that help with the NCA training [50].

As for the NCA weights, Figure 4.1 shows the simple NCA (one layer of CNN with 128
kernels), where the memory needed is (128 * the size of the neighborhood). Each cell can
only communicate and share its state with either its immediate von Neumann neighbors (4
for 2D and 6 for 3D) or Moore neighbors (8 for 2D and 26 for 3D) and can do computation
to update the NCA state. All examples presented in the following sections were trained using
this simple NCA architecture.
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Figure 4.1: Neural Cellular Automata (NCA) Overview. (A) Problem Description.
(B) NCA Workflow. (C) NCA Implementation. (D) NCA Architecture.

4.2.2 Static Structures

Assumptions and Hardware

In the first problem, given boundary conditions (supports, loads, and volume constraint), I
concurrently find the optimal cellular structure’s shape based on an objective function (e.g.,
minimal compliance or maximum thermal diffusion) and its construction sequence (see Figure

41 A).
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For the base case, I consider a 2D design domain with two cell types: passive and
active. The passive cells serve a structural function, while only the active cells can perform
computation and communication with their Neumann neighbors. I begin with a grid of
sacrificial active cells (matching the design domain size) and program them to perform one
NCA computation synchronously per step. When the first state value (ranging from 0 to 1)
exceeds a threshold of 0.8, I place a corresponding passive voxel/cell in front of the active
cell. Figure 4.2 A illustrates a learned NCA rule growing a cantilever structure under these
assumptions.

Timestep: 0 20 40 60 80 100

Grid of Active (functional) Faces Active (functional) Voxels

A B

Figure 4.2: Synchronous vs Asynchronous NCA Growth. (A) Synchronous update
using a grid of active functional voxel faces and passive 3D voxels. (B) Asynchronous update
using active fuctional 3D voxels.

In the next case, I relax the assumptions and consider only one type of cell: structural
cells that can also perform computation. By training the NCA to update each cell’s state
only if its density or one of its neighbors’ densities exceeds a threshold (0.9), we ensure that
cells grow exclusively from the seeds, creating continuous growth. Figure 4.2 B shows an
example of a trained NCA growth rule for the 2D cantilever. The final shape is very similar
to the base case, but the construction sequence differs.

Examples

Figure 4.3 shows training the different synchronous NCA to grow different structures using
different boundary conditions. In all examples, the objective function (minimal compliance)
was evaluated at the 100th time step, using a volume constraint (40 percent of total volume).

min¢(p) = U'K(p)U

subject to: V(p) = pri <V
i=1
0<p<1, i=12....n

e where:
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Figure 4.3: Examples of Different Boundary Conditions. (A) Top-Cantilever. (B)
Mid-Cantilever. (C) Bottom-Cantilever. (D) Horizontal Force. (E) Messerschmitt-Bolkow-
Blohm (MBB) Beam.

p is the material density
— U is the displacement vector

— K(p) is the global stiffness matrix

v; 1s the volume of element ¢
— V* is the maximum allowable volume

n is the total number of elements

The SIMP (Solid Isotropic Material with Penalization) approach was used to drive the
densities toward either 0 or 1. Examples took around 1600 epochs to train and converge to
the final shape (see Figure 4.4). The same method can be extended to train the growth of
3D structures or other objective functions beyond structural stiffness, such as maximizing
thermal conductivity (see Figure 4.5).

Stability and Self-Healing

I then extended the training to ensure the robustness of the grown structures. First, I wanted
to verify that if the NCA continued running after 100 timesteps, the grown structure would
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Figure 4.4: NCA Training Progress Example. NCA Training progress for the MBB
Example showing objective function value (compliance) at final timestep.

Timestep: 0 Timestep: 20 Timestep: 40 Timestep: 60 Timestep: 80 Timestep: 100
B
Timestep: 0 Timestep: 16 Timestep: 33 Timestep: 50 Timestep: 66 Timestep: 83 Timestep: 100

Figure 4.5: Extension to Different Physics and Dimensions. (A) Heat Sink example
(optimization to maximize thermal diffusion). (B) Extension to 3D (3D Cantilever Problem).

remain stable. I used the approach introduced in [50] where, in some of channels, during
training, instead of using the starting seed as the initial step, I would provide the final
structure as the first step and evaluate after 100 time steps. This ensures that the NCA rules
can not only grow structures from the starting seed but also maintain the final structure
geometry. As shown in Figure 4.6 A, this approach demonstrates that a stable growth rule
can be sustained beyond the number of timesteps it was trained on.

Moreover, this method can be extended to provide growth rules for structures that can
heal themselves if damaged. By introducing random damage to the structure and using this
as the starting point—as shown in Figure 4.6 B—we can observe how the structure recovers,
"heals," or regrows the damaged parts.
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Figure 4.6: NCA Stability and Resilience. (A) Training NCA for the structure to be
stable beyong its growth. (B) Training NCA to be resilient and self-heal in case of damage.

Hierarchy

The NCA is not only able to train the growth of structures with one type of building block,
but since it’s possible to have building blocks (microstructures) with different geometries
(and hence different mechanical properties), I trained the NCA to tell us both where to
place the units and which units to place (from a library of units with different geometries
and their homogenized properties (compliance matrices)). Figure 4.7 A,B,C shows how the
trained NCA grew different structures when given different microstructure libraries under
the same boundary conditions. It also demonstrates different structures produced with the
same microstructure library but different boundary conditions (see Figure 4.7 C,D,E).
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Generalization

In its current form, the NCA needs to be trained from scratch each time there’s a new
boundary condition (domain size, support, and loading condition). I explored how to make
the approach generalizable by training for a family of boundary conditions in parallel (in
this case, changing load location). During training, each channel had a different boundary
condition and starting seed location. This enabled us to train an NCA growth policy that is
generalizable—one that can grow an optimal structure when given a new, unseen boundary
condition (see Figure 4.8 A).

Controlled Growth and Reconfiguration

Next, I aimed not only to generate the growth sequence but to design it based on different
rules and boundary conditions. This could be accomplished using either the synchronous
or asynchronous growth strategies mentioned earlier. Figure 4.9 A-B demonstrates the
asynchronous growth strategy, showing how the same boundary condition can produce
different growth sequences depending on the starting seed location. In Figure 4.9 C, I trained
an NCA with an additional constraint—cells cannot be removed once placed. This was
implemented by modifying the rule so that when a cell’s density exceeds the threshold of 0.8,
it stops updating its state and only maintains communication capabilities.

We can take this further by not only training the growth of structures but also their
reconfiguration when boundary conditions change over time. Figure 4.8 B and C show
different NCAs that are trained to grow and then reconfigure structures—one capable of
moving a load upward (see Figure 4.8 B) and another forming a reconfigurable bridge (see
Figure 4.8 C).

4.2.3 Dynamic Structures

Reconfigurable Soft Robots

I then wanted to extend the workflow to be used not only for the reconfiguration of static
structures, but also dynamic structures—in particular, soft robots that are able to morph
their shape to move through obstacles or to accomplish different objectives.
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Figure 4.8: Generalization to Changing Boundary Conditions. (A) Training
Generalization to new unseen boundary conditions. (B - C)Training against changing
boundary conditions to design shape reconfiguration (using synchronous (B) and asynchronous
(C) rule update).

Building upon the demonstrated capabilities of Neural Cellular Automata (NCA) for
static structure growth and reconfiguration, I now extend this framework to dynamic,
continuously morphing systems. Contemporary soft robotics research has predominantly
employed predefined shape transformations or discrete reconfiguration states, with limited
exploration of continuous growth-based morphological adaptation during locomotion. This
research addresses a critical gap in the literature, as previous studies have not comprehensively
investigated geometric representations that simultaneously facilitate growth, reconfiguration,
and locomotion in soft robots.

Unlike conventional approaches that separate the design of robot morphology from its
control system, the NCA-based framework unifies these aspects through a single differen-
tiable pipeline. This integration allows soft robots to not only navigate through complex
environments by changing their shape but also to fundamentally transform their morphology
in response to varying objectives. The key innovation lies in representing both the physical
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Figure 4.9: Design of Targeted Growth. (A-B) Growth of the same shape but different

starting seed location using asynchronous neighbor rule. (C) Grow-only rule where voxels
are not allowed to be removed.

structure and its temporal evolution through the same cellular architecture, enabling robots
to "grow" new appendages, modify their mass distribution, or transform their entire body
plan while maintaining functional continuity.

This approach builds upon recent advances in soft robotics [51] [52] [53] but fundamentally
differs by introducing growth as a continuous control parameter rather than a discrete design
variable. Furthermore, while previous work in reconfigurable robots [54] [55] has explored
modular transformations, none have leveraged the emergent properties of cellular automata
to achieve smooth, continuous morphological adaptation during locomotion.

Workflow

Our workflow uses the NCA architecture as Figure 4.1 but with a different representation, as
each cell in the NCA represents 8 by 8 particles in the MPM simulation (see Figure 4.10).
The NCA timesteps are distinct from the MPM simulation steps—after each NCA step,
which represents a change in morphology, the simulation runs n timesteps. Finally, if the
state of the NCA cell that represents the density /mass of the particles falls below a threshold,
I "remove" the masses by changing their location to a faraway position. This prevents the

simulation from becoming unstable, which typically happens when particles masses becomes
too small.
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Figure 4.11: Soft Robot Mass Change. (A) Learning to reconfigure center of mass to
move forward. (B - C) Learning to reconfigure center of mass to climb obstacles.

Our first set of experiments are training soft robots that are able to change their center
of mass, to move forward to climb different obstacles (see Figure 4.11).

I then extended the simulation to train soft objects that are able to fully reconfigure and
grow or remove limbs completely to move forward or navigate through obstacles (see Figure
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Figure 4.13: Generalization: Learning Walking Gait.

One of the limitations occurred when I extended the MPM simulation timesteps was that
the gradient of the objective function in relation to the NCA weights became no longer useful
due to the vanishing/exploding gradients effect. Therefore, I explored how to train for a
generalizable NCA reconfiguration strategy that could represent a "walking gait" for the
robots. I accomplished this by not only training for the NCA reconfiguration to maximize
the objective function, but also adding another constraint where the starting and ending
geometry of the robot are the same, as well as the particles’ position and velocity. Figure 4.13
demonstrates the generalizable walking gait that could run beyond the number of timesteps
it was trained on.

4.3 Recap

In this chapter, I have demonstrated a novel approach to designing and controlling structures
using Neural Cellular Automata (NCA). The framework unifies design and manufacturing
processes through biologically-inspired growth mechanisms, allowing for the emergence of
complex forms from simple distributed rules. I have shown how this approach can be applied
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to static structures—enabling self-healing, hierarchical organization, and reconfiguration—as
well as dynamic soft robots capable of continuous morphological adaptation. The results
demonstrate that NCA-based systems can not only generate optimal structures for given
boundary conditions but can also adapt these structures in response to changing environments
or objectives.

By extending the NCA framework to dynamic structures, I not only advance the field
of biologically-inspired robotics but also provide new insights into how natural organisms
might optimize their morphology in real-time to meet changing environmental demands.
Future work will focus on physical implementation of these systems, exploring multi-material
fabrication techniques that can realize the continuous growth and reconfiguration capabilities
demonstrated in simulation. I believe this unified approach to growth-based design and
control opens new possibilities for adaptive architecture, reconfigurable machines, and resilient
engineering systems that can grow, heal, and evolve like biological organisms.
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Chapter 5

Self-Replicating Hierarchical Modular
Robotic Swarms

5.1 Introduction

Designing growth sequences inevitably raises the question of fabrication: how do we physically
realize these structures in the real world, especially at large scales? Construction applications
are an important motivation for the development of robotic swarms, however the practice
of large-scale automated fabrication has largely focused on the use of gantries, which are
limited by costs that can scale super-linearly in the machine size [56], while offering poorer
performance relative to their smaller counterparts [57].

Biological growth spans many more orders of magnitude than a gantry, from ribosomes
assembling amino acids into proteins, up to organelles, cells, organs, organisms, and pop-
ulations. This dynamic range is attributable to two capabilities. First, self-replication—
ribosomes can recursively make more ribosomes [58], and second, hierarchy — at each scale,
smaller building blocks are used to assemble larger constructs which in turn are used as the
building blocks for the next level up [59]. Both offer exponential speed-ups over a serial
process. The goal of this work is to apply these insights to robotic assembly and investigate
how swarms can construct recursively and hierarchically, in order to mimic nature, where the
assembly throughput increases with scaling.

Prior work has demonstrated thousand robot swarms for coordinated shape generation
[60] and package sorting and delivery for online retail [61]. Swarm systems have also been
developed for fabrication and construction. Teams of wheeled robot arms can collectively 3D
print a single object larger than the workspace for any individual stationary robot [62].

Other more customized robots can extrude a composite tube adjacent to teammates,
resulting in a dynamic, multi-agent system [63]. Termite-inspired, wheeled robots can
locomote on, build, and reconfigure 2.5D brick-based structures [64]. These examples do offer
parallelization, but not hierarchy or self-replication.

The motivation behind modular robotic systems is to achieve versatility, robustness,
and efficiency through composition of basic part types |65, 66]. Self-reconfiguration has
been demonstrated with actuated modules capable of detaching and moving relative to
their neighbors then reattaching to form a newly configured robot [67]. Self-reproduction
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has been demonstrated [68], but the complexity of a single module can be prohibitive to
scaling and implementation. Separate actuation, structure, and energy modules have been
demonstrated experimentally with customized motor and electronics systems housed within
modular capsules [69]. All of these examples have been limited to laboratory demonstrations;
for scalability, I consider here combined material-robot systems, where the robots and the
material they build with are designed simultaneously to be indistinguishable.

Figure 5.1: Relative Robot: Material-Robot System.

Our approach is based on the reversible assembly of discrete lattice building blocks, where
global precision is determined by local geometry, errors can be incrementally detected and
corrected, dissimilar materials can be joined, and parts can be disassembled for reconfiguration
and re-use. This has resulted in macro-scale, ultralight lattice materials with record-setting
mechanical properties [4] and mass-producibility [5], as well as heterogeneous mechanical [6]
and robotic properties [7|. Applications include structural systems for morphing wings |§]
and ultralight aerostructures [9], statically reconfigurable infrastructure [10], and designs for
large scale space structures [11].

Figure 5.2: Swarm Assembly.

The modular, incremental nature of a discrete material system lends itself to automation.
Custom end effectors have been used to demonstrate their automated assembly using a
traditional gantry system [70]. For larger applications, mobile robotic platforms, designed
to interface with the discrete lattice building blocks [8], have been demonstrated in serial
assembly of 1D, 2D, and 3D cellular structures [43] (see Figure 5.1 & 5.2). These relative
carrier robots are designed to register to the lattice, enabling large-scale construction without
typical penalties for metrology systems, and teams of robots can use the lattice to coordinate
their motion. Smaller scale, discrete robotic systems have been demonstrated through the
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addition of degrees of freedom and modular actuation components |71]. These systems offer
an alternative to the traditional division between monolithic robots (which are capable but
not flexible) and modular robots (which are flexible but less capable), however, their numbers
and sizes have been fixed. This is a lost opportunity, as these systems have lower performance
and throughput with scaling because of the increase in travel time and time wasted in collision
avoidance (see Figure 5.3).

| Lo - — Speed up Factor vs. # Robots
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Figure 5.3: Swarm Assembly Scaling and Limitations

In this chapter, I seek to address these shortcomings through the introduction of a
discrete material-robot system that is capable of serial, recursive (making more robots), and
hierarchical (making larger robots) assembly. I first implement a comparative scaling study
of different assembly approaches and compare it to self-assembly throughput in biological
systems. We then introduce a hardware system with the required capabilities. Finally, I built
upon the algorithm introduced in [43] for serial and swarm assembly and I present a new
scalable algorithmic approach for robotic self-replication, shape discretization, path planning
and task allocation for recursive and hierarchical assembly.

5.2 Results

5.2.1 Scaling Robotic Construction

In order to evaluate the scaling benefit of recursive and hierarchical swarm assembly strategies
in comparison to traditional serial monolithic construction techniques, I will consider the task
of assembling a cube of side length 2V voxels of size d (N = 1,2,3,4,5,6) from a material
pickup station with an automatic voxel feeder located at x = y = z = 0 (Figure 5.4 and
detailed derivation in Figure 5.5 and its following detailed description!.

!To build a X by Y by Z cuboid from a pickup station that is located at z = y = z = 0 (see Figure 5.5
A1), a carrier robot that takes 1 timestep to travel 1 voxel will take a total construction time:

Z Y X
T=2> 3> aty+z=XYZ*+YZX*+ ZXY?+3XYZ (S1)

z=1ly=1z=1

When X =Y = Z =2V:

T = 3(2*N + 23%) (S2)
If we have 2 robots, we will assume each robot will assemble a % by Y by Z (see Figure 5.5 A2) cuboid
hence

T

XYZ2 XZY? ZYX?2 3XYZ 5 _n 3 .an
=Sttt Ty = 2t s 2 (S3)
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[72].

I will start by a base case, a gantry system (similar to [70]); that assembles the voxels
layer by layer and travels with the speed of S - d per second. This gantry will take ¢,, . =
2d

< (max(z,y) + 2) seconds to place a voxel at location w, y, z (in order to avoid collision,

we assume the gantry will move in the z direction first then move in the x and y directions
N N N
simultaneously) ; and the total construction time for the cube will be 37_, ijl S taye
seconds. A much simpler carrier robot (similar to [43]), will move much slower (by a factor
of FF < 1) than the gantry system, and will only travel in orthogonal directions, therefore it
will take ¢, . = %(:c + y + 2) to place one voxel and the total construction time will be

2311 Zzil ZiL tay,. = 24 (24 + 23V) seconds. Even though the gantry system is much

faster than the carrier robot, the construction time for both systems is still O(2*). Moreover,

In general for R robots, each will assemble a % by % by Z (see Figure 5.5 A4) cuboid, hence:

_ 2XY 7?2 n 2X7Y? n 4Y 7 X? n 3-2XYZ 2 3 3

°R iR 2z ) n (g ra? 2 (84)

T R
R? 2R R

For recursive construction, R = 2V, substituting in the equation S4 7' = %23N +5-22N_ Tt is important to
note that the maximum number of robots based on the will be 22V, hence T' = 323V 2. 22N (still O(23V)).
For hierarchical construction, robot of size H contains 2 - 37 functional voxels. If it takes 72 timesteps to
build a robot of size 1 (substituting N=1 in equation S1). The self-assembly time for a robot of size H
SO 2071 93(H=0) .72 and when it takes Y1 | 201 . 23(V=0) . 72 timesteps to build a cube with side length
2V, 211 i5 the slow down factor, and 23(N =% is the number of cubes/stock needed to build a cube of size

. . . . . . . N—1 9i—1.93(N—1—i)
N. Finally for hierarchical and recursive construction the self assembly time is Zi:l 2%1\,_%12 and

construction time is Zf;}l 2i=1.416 (416 is the result of substituting N = 2 in equation S2).

74



Robots and Functional Voxels Used
z 60 o
.-: ggﬁ i P @ Scrial Assembly
~ o Le r. 2 4 - o ® Hierarchical Assembly
10° . Rec N
=2 10 B o o ® Hier: &-
§ IO; s —8— : s + Recursive Assembly
10 - . s
1 2 3 N4 5 6
10 Assembly Time
o
1 225 e 7 e00()
g2 107 . s o 202
éﬁ = on B PS O(N)
PORPTEE (U8 ;-4 e ° 02N
BTE e — ¢ —eo—o o
“E bk L L s s L
—~ 8
a 10 /
EEl : eoem
g g 10f 4 * 02
= - ®
S 10k — 0 (2™
SE o : . . . Loto@
E o108
o~ 10/F s 00N
E & I0p °* 0@
= 2 -’ L L ¢ 3N
3 4 = 2 105F : o 0 (2 ")
EEog 44— | . oM

Pick-up Stations Location Assumptions 1 2 3N 4 5 6

Figure 5.5: Detailed Assumptions for Comparative Cube Construction Study.
(A) Assumptions for Pickup Location and Building Boundary (1) 1 Robot, (2) 2! Robots,
(3) 22 Robots, (D) 2% Robots. (B) Number of Robots and Functional Voxels Used, (C)
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as N increases, the cost of installing a gantry system that is bigger than the construction site
increases greatly while its speed remains constant.

If we however introduce a carrier robot that is not only able to build the target structure,
but build identical robots from a modular material building blocks, that means it can
recursively build a swarm of robot builders to parallelize the construction. If we assume the
number of robots R is equal to (2V), and following the assumptions for the pickup stations in
figure 5.5, R hence the construction time will be reduced O(23") and the robot self-assembly
time is on the factor of O(N).

The introduction of self-replicating robots will first increase the assembly throughput
(total voxels placed divided by total assembly time (cube and self-assembly time)) as N
increases. However, a problem arises when N increases, as the carrier robots will travel a
long distance from pickup stations to the target voxel placement location (specially in the z
direction). That means that efficiency of the system and the throughput of the robots will
remain constant (Figure 5.4 B).

Therefore, it is important to introduce modular robots that not only can build identical
robots, but tcan also build larger robots in a hierarchical manner. These larger robots (size
H) are able to carry hierarchical building blocks comprised of 23#~1) voxels, and the small
carrier robot can now assemble these blocks near the pickup station. Using this strategy, the
bigger robot will take only one trip to the far away target location instead of 23(# =1 trips. If
there is only one hierarchical robot of size H = N to build a cube of size 22" voxels then
the total assembly time will be O(23") and the assembly throughput will remain constant
when N increases. If we however apply both recursive and hierarchical assembly strategies,
a mix of carrier robots of different sizes having the same number of robotic parts as the
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hierarchical (see Figure 5.5(B) for details), the total assembly time is reduced to be O(22V)
and the assembly throughput is on the order O(2").

Comparing the assembly throughput of the different robotic assembly strategies to self-
assembly throughput estimates of ribosomal assembly in biological systems (Figure 5.4(C)
[72]) we will find that the self-assembly throughput increases with the number of elements
(E), and is of order O(2!°9(¥)). Only by applying self-replication and hierarchy in our robotic
construction were we able to reach a similar trend, in comparison to serial assembly where
throughput decreased with the number of elements. This proves that self-replication and
hierarchy in robotic construction should be integral factors in developing the next generation
of robots for large-scale manufacturing.

5.2.2 Material-Robot System

The hardware developed is an extension of the system presented by Jenett et. al [43]. This
previous system consisted of passive structural lattice voxels which form a substrate for
locomotion of purpose-built inchworm robots capable of rearranging and placing additional
voxels. The combination of voxels and robots forms a material-robot system, enabling the
precise assembly of large structures with simple robots through localized registration of the
underlying lattice. Our system, photographed in Figure 5.6, tightens the connection of the
material-robot system by creating a modular robotic toolkit that utilizes active lattice voxels as
the primary structural building blocks. Combining these active voxels with actuators, control,
and power enables unique behaviors including robotic self-replication and hierarchical robot
assembly. A single robot tasked with building a large structure can create a heterogeneous
swarm of constructors tailored to maximize material throughput for a given target geometry.

Active voxels that form the basis of the structural-robotic system are a cuboctahedral unit
cell (Cuboct) that offers superior structural properties such as high stiffness at low density [6]
with geometric characteristics suitable for robotic assembly and fabrication [43]. Specifically,
the flat Cuboct faces enable fully-constrained connections between single-voxel pairs with
four points of contact, as well as a useful decomposition for voxel fabrication. The voxels are
constructed from six sides formed by laminating a printed circuit board (PCB) substrate
with an acetal face sheet as shown in Figure 5.6(A). These sides then combine to form the
full unit cell in Figure 5.6(B) with soldered intravoxel electrical connections, Figure 5.6(C)
and epoxy reinforcement. The fully assembled voxel forms a 101.6 mm (4 inch) cube and
weighs 65 grams, resulting in a lattice with an effective density of 0.062 g/cm?.

Figure 5.6(D) shows a detailed view of one of four corners involved in a face-to-face
inter-voxel connection. A pair of 4.7625 mm x 3.175 mm (3/16" x 1/8") magnets of opposite
polarity create an orientation independent structural connection while the 6-pin spring-
connector creates a hermaphroditic interface for the three electrical circuits routed through
each voxel face: power, ground and a single serial communication line. Each face-to-face
connection can transmit 8 Amps at 10 V and 50 N of tensile force. Additional details of the
complete fabrication process, from bare PCB to completed voxel are provided in Figure 5.7.

The structural-robotic system is then completed with additional active elements shown
in Figures 5.6(E)-(H). Figure 5.6(E) shows a combined control and power voxel which
incorporates an ESP32 based microcontroller with a 7.4 volt lithium polymer battery pack.
Two rotary actuators, the elbow with rotation parallel to the plane of attachment, and the
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Figure 5.6: Modular Building Blocks and Assembler. (A) Voxel face consisting of
laminated PCB and acetal overlay (B) Assembled voxel (C) Detail view of hermaphroditic
magnetic and electrical connections (D) Detail view of internal voxel electrical connections
(E) Control and power voxel (F) Elbow servo-actuated joint (G) Wrist servo-actuated joint
(H) Servo-actuated gripper, (I) Exploded view rendering of assembler robot, (J) Photograph
of assembler robot on passive lattice. (25 mm scale bars)

wrist with rotation perpendicular to the attachment plane, are shown in Figures 5.6(F) and
(G) respectively. Finally, Figure 5.6(H) shows a gripper designed to hold lattice elements for
positioning, locomotion and assembly. Each of these actuators incorporates an AT Tiny412
microcontroller board for interfacing with the ESP32 serial commands. Details of the actuator
assemblies are provided in Figure 5.8 2; and a complete bill of materials including weights
and costs is provided in Table 5.1.

5.2.3 Robot Self-Replication and Hierarchy

The simplest carrier robot, shown in Figures 5.6(I) and (J) is a discrete voxel analog of
the purpose-built relative robot [43]. It uses inchworm locomotion, which registers to the
underlying voxel lattice structure using two grippers for navigation. An additional elbow

2Figure 5.8 shows each of the active modular robotic modules broken down into component pieces. Each
actuator incorporates voxel faces on both sides for attaching to the lattice. One acetal overlay in the wrist
actuator and gripper are modified to mount with the Hitec servos as shown in Figures 5.8(A) and (C). The
wrist and elbow actuators use FDM printed PLA for major structural components, while the gripper rotary
actuator is printed using SLA for smoother surface finish. All three actuators use ATTiny based circuit
boards to interface the PWM controlled servos with the voxel serial bus.
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Figure 5.7: Voxel manufacturing. (A) Panelized circuit board after attaching smd
connectors, (B) Tooling and lamination of voxel side, (C) Tooling and assembly of sides to
form complete voxel (25 mm scale bars)

e

Figure 5.8: Actuator Components. (A) Wrist actuator, (B) Elbow Actuator, (C) Gripper
(25 mm scale bars)

joint with a gripper allows the robot to manipulate voxels to reconfigure the lattice structure.
This robot is capable of carrying a single voxel or actuator at a speed of 1 voxel per time
step. While this design forms the basic unit of robotic assembler, the modular system and
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lattice compatible connections enable both the construction of additional assemblers by a
base assembler, self-replication, as well as the production of larger robots, forming a hierarchy
of assemblers.

The algorithm for the robot reproduction is constrained by two requirements. First, the
new robot must be free to move after assembly. While this requirement seems trivial, it
precludes building flat on the lattice substrate and subsequently lifting the completed robot
into position due to the nature of the magnetic connections. To overcome this, child carrier
robots are built out from a base consisting of a control voxel and gripper which is capable of
anchoring to the lattice. Second, only three components of the robotic construction kit may be
directly manipulated by the gripper: base voxels, control and power voxels, and elbow joints.
Both the wrist and gripper modules are designed to attach directly to a free voxel face. To
accomplish this a carrier robot first picks up one of the first three part types, then maneuvers
to attach wrists and grippers to the base part before placing in the assembly in a process
we call accessorizing. The grippers have electrical interfaces so that actuators, including
elbows, wrists and grippers, may be controlled by the assembler. This self-replication process
is shown in Figure 5.9(A), with detailed steps outlined in Algorithm 1.

Algorithm 1 Self-replication Sequence

: Pick up control and power voxel (¢;)

Accessorize with gripper
Anchor to substrate with gripper (¢;)

: Pick up elbow actuator (e;)

Attach to control and power voxel (¢;) via wrist actuator (w;)
. Pick up voxel (v1)
Accessorize with wrist actuator (wy)

1

2

3

4

5: Accessorize with wrist actuator (w)
6

7

8

9 Attach to elbow actuator (e1) via voxel (vy)
10: Pick up voxel (vy)

11: Attach to wrist actuator (ws)

12: Pick up voxel (v3)

13: Accessorize with gripper (gs)
14: Anchor to substrate with gripper (gs)

15: Pick up elbow actuator (es)

16: Accessorize with wrist actuator (w3)
17: Attach to voxel (v3) via wrist actuator (ws)

18: Control voxel (¢;) moves voxel (v2) to connect to elbow actuator (ez)
19: Child Bill-E now capable of lattice locomotion
20: Pick up elbow (e3)

21: Accessorize with gripper (g3)
22: Attach elbow (e3) to voxel (v3)
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Figure 5.9: Robot Self-replication and Hierarchy. (A) Image stills in sequential order
(1-6) of robot self-replication simulation according to the assembly sequence in Algorithm 1.
(B) Proposed design for carrier robots of size R (H = 1), R?> (H = 2) and R* (H = 3) that
can carry hierarchical cubic building blocks of size 1, 2 and 4 respectively.

Conceptual drawings of a family of assembler robots, designed to carry voxel cubes of
side lengths one two and four respectively, are shown in Figure 5.9(B) and 5.10. The larger
designs maintain the inchworm architecture, while employing four-bar linkage assemblies to
enable multiple actuators to act in parallel on a single degree of freedom. These early studies
indicate that the number of actuators scales with a factor of 2 when H increases, while the
total number of robotic elements scales with a factor of 2.5, lower than the geometric scaling
of 3 due to tailored sparsity of the larger lattice structures. Additional gains in actuation
and structural efficiency may be possible by exploring additional morphologies beyond the
inchworm configuration.

5.2.4 Inverse Problem: From Structure to Swarm

Using the proposed material-robot system, I will next present algorithms that determine the
optimal swarm configuration and path planning needed to build a target structure. First,
I will discuss the baseline assumptions behind the path planning and simulation of the
self-replicative and hierarchical swarm construction model. I am building on the assumptions
made in [43] where we assumed a centralized path planning and control strategy. The
centralized control system is responsible for (1) processing and discretizing input target
geometry into building blocks, (2) determining the building blocks build sequence, and (3)
the task allocation and path planning based on the number of available robots. The carrier
robots, on the other side, are intended to have minimal communication and computational
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Figure 5.10: Hierarchical Robots Design Space. Example of carrier robots showing
the design degrees of freedom (using the discrete robotic toolkit), either changing length or
member stiffness. Example of carrier robots able to travel (A) one voxel per step, (B) 2
voxels per step, (C) 3 voxels per step, (D) or carry more passive or functional voxels (concept
art showing stiffness can get added programmatically). (50 mm scale bars).

requirements. They can only communicate with the centralized system at the pickup stations
and are designed to receive and conduct one task at a time. A task entails picking up a
building block from the pickup station in the form of a list of high-level step instructions
towards the drop-off location (step forward, right, left, up, down, concave or convex turn) [§],
as well as the steps needed to go back to the same or a closer pickup location. The carrier
robot only stores the mapping for the high level steps to robot position, hence, memory
requirement of the carrier robots depend on the size of the target build structure, i.e. based
on the furthest voxel expected to be placed. In order to make the system more robust and
resilient to uncertainties and disturbances, the robots could be equipped with tactile sensors
that ensure that the instructed step is valid (the voxel exists and is empty) before the robot
places its leg to take a step [43]. If there is a discrepancy, an emergency protocol is initiated
where the robot takes the reverse steps to go back to the pickup station to notify the central
system; or in case this scenario is interrupted it will stay in place and fire an emergency
signal to the central system for other task-specific robots to fix the problem.

The presented algorithm assumes synchronous time stepping, where each robot spends
S seconds (one timestep) to either take a step or pick up/drop off a voxel. For larger
hierarchical robots, because of actuation limits, their speed is set to 2! timesteps per step.
The centralized system has a spatial-temporal Markov model of the system, where it predicts
and stores the state of the system (voxel occupancy and robot locations) at each timestep in
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the future based only on the current state (for simplicity). For each building block in the
queue to be built, the centralized system greedily finds the shortest path from the pickup
station to the target drop-of location, based on an A* tree search algorithm, avoiding collision
with other robots that already have tasks assigned. The carrier robots’ clocks are synced with
the central system when they return to the pickup station, which also function as charging
stations. Based on the expected fault tolerance T in the system synchronicity as well as the
expected maximum steps taken, the central system adjusts the collision avoidance strategy
introducing a safety factor where it makes sure, based on the spatial-temporal model, the
robots do not collide within 47" timesteps.

The algorithm is intended to be flexible, as the number of robots in the system and pickup
stations is not assumed to be fixed. During the construction, one can add/remove a robot, or
a pickup station as needed, and the centralized robot will adjust its spatial-temporal model
based on the new changes. Verification of the structural integrity of the lattice while being
built (with imposed static and dynamic loads of robots) will be left for future work, with
numerous existing precedents of solutions to this problem [70]. However, this verification
will not alter the relative construction time and the speedup that recursive and hierarchical
assembly offer.

Building Sequence

The centralized system’s first step is to automatically generate the build sequence given target
shape. I present a scalable adaptive shape compiler that discretizes the input geometry into
ordered hierarchical building blocks. The target built shape is input from the user in the
form of a connected mesh, and the compiler generates its signed distance field (SDF'), which
represents the closest signed distance from any point in the 3D space to the surface of the
mesh. We used the Gilbert-Johnson-Keerthi method [73] to calculate the distance field using
Minkowski difference for convex meshes, and the approach presented in [74] for non-convex
meshes. I used octree space subdivision to calculate the adaptively sampled distance field
(ASDF) [75], which subdivides the mesh into variably sized building blocks, that are larger at
the center of the mesh and smaller near the surface. Minimum and maximum building block
sizes are prescribed based on the target build resolution and maximum desired carrier robot
size.

The next step is to determine the optimum sequence to assemble the building blocks,
while avoiding any deadlocks in the construction. The target is to divide the building blocks
into bins, whereas all blocks that belong to the same bin can be built in parallel (see Figure
5.11). Since all the pickup stations are assumed to be located at the ground plane of the
construction site, the structure is set to be built layer by layer, from bottom to top, which
restricts the family of structures that can be built to ones that do not have underhangs.
Before starting the construction, the robots build a substrate layer with an offset around
the built area. Next, for each layer, the larger building blocks are assembled first since they
inherently have higher SDF values. The building blocks with the same size are then grouped
into bins according to their centers’ SDF value (with a tolerance that is proportional to the
building block size, see Figure 5.11(B)). Figure 5.11(C) visualizes the build sequence tree for
an example cone mesh (radius 10 voxels and height 16 voxels).
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Figure 5.11: Adaptive Shape Compiler. (A) Hierarchical shape discretization steps using
adaptively sampled distance fields (ASDF). The distance field is colored based on the distance
to the input mesh surface. (B) The hierarchical building blocks are colored according to the
assembly sequence. The blocks are ordered into bins first according to their layer number (L0
to L14), then their size (S1, S2, and S4), and finally their signed distance function (SDF)
value, (C) Visualization of the final build sequence tree, all blocks that belong to the same
bin can be built in parallel.

Swarm Configuration and Task Allocation

Now that the adaptive shape compiler generated the build sequence tree, the central control
system can search for the optimal swarm configuration: the number of carrier robots in
each size that is able to build the structure in a minimum number of timesteps. Inspired
by a biological analogy, where a carrier robot has the option to either to build the structure
(build), build another robot (reproduce), or build a bigger robot (evolve), I generate the tree
of all possible alternatives, given a finite amount of robotic building blocks stock (see Figure
5.12). Next, I traverse the tree searching for the configuration that will take the minimum
amount of timesteps to be built (time to build both the robots and the structure). Once the
optimal number of robots is calculated, the central system sends out instructions for the first
carrier robot to assemble the rest of the robots in a recursive manner.

When going beyond homogeneous cubes as target built structures, it is important to note
that the target shape morphology and resolution greatly affects the benefit of hierarchical
and recursive construction strategies. Figure 5.13 shows contour plots of the swarm specific
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Figure 5.12: Robot Decision Tree. To determine the optimum swarm configuration
(number of robots and their sizes), each robot can either build an identical robot (reproduce),
a bigger robot (evolve), or start construction (build). I then traverse the tree searching for
the optimal configuration (smallest build time given a maximum number of robots). This is
the tree generated to build the example cone in Figure 5.11(B), with a maximum of 4, 2, 1
robots of sizes R (H = 1), R* (H = 2) and R* (H = 3) respectively.

speedup for a range of heterogeneous swarms building the reference cone at four different
resolutions (smoothness scale from 0 (no octree subdivisions, the final voxelized structure is
just the bounding cube) to 100 (very fine subdivisions where the final voxelized structure is
identical to the input mesh)). We define the specific speedup as the construction speedup
(compared construction with one robot of each size) divided by the effective number of robots
(total number of robotic parts in the system). The swarm configurations with the highest
specific speedup are the ones that are most optimal in terms of construction throughput per
unit assembly robot.

At high resolutions the most efficient swarms employ only a single R* (H = 3) robot
as more of the build time is consumed placing detailed features. Conversely, the swarms
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Figure 5.13: Specific Speedup and Optimum Configuration. The specific speedup, a
measure of construction efficiency, is calculated (for the target shape (cone) with different
resolutions using 1, 2, 3, and 4 robots of size R (H = 1), R?* (H = 2) and R* (H = 3)) by
dividing the construction speedup (compared to construction with 1 robot of each size) by
the effective number of robots (total number of robotic parts in the system). The dark blue
color suggests a higher specific speedup.

with the highest specific speedup for the coarse geometries consist of only a single R and
R? (H = 2) robot with multiple of the largest R* (H = 3) robots. In all cases the optimal
swarms outperform a single assembler robot in throughput per assembler by between 9 and
80%. Absolute construction speedup is shown in Figure 5.14 where we see that larger swarms
always build the target structure faster, though at the cost of decreased efficiency in terms of
speedup per robot?.

3Figure 5.14 shows the total construction time needed to build a cone with different resolution using a
variety of swarm configurations. For the high-resolution structure, changing the number robots of size R and
R? (self-replication) greatly alters the build time, while adding more R* robots (hierarchy) has minimal effect
on the total build time. For the 70% resolution structure, the total construction time of the intermediate
is insensitive to adding robots of size R, but decreases with additional robots of size R? and R*. For the
two coarsest structures, the benefit of adding R* robots greatly exceeds the benefit of adding additional
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construction time needed to build a target shape (cone) with different resolutions using 1, 2,
3 and 4 robots of size R, R? and R*.

Finally, now that the robots are built, the construction of the target structure begins. A
pseudo-code for the task allocation and planning strategy is presented in Algorithm 2. The
assembly happens in a hierarchical manner, where smaller robots build stock in situ (beside
the pickup station) for the bigger robots to place at their final destination (see Figure 5.15).
In order to test the presented algorithm, I have developed a simulation environment (details
in Materials and Methods section). A full simulation of the swarm construction of the cone
is illustrated in Figure 5.11(B).

robots of size R and R?. Finally, even though the coarse resolution structure’s volume is larger than the fine
resolution one, it can be built in a faster time using the same number of robots because the robots have higher
throughput, because they take leverage of hierarchical construction. This stresses on the importance of the
reconfigurability of robotic construction swarms and their ability to self-assemble to optimum configurations
based on the size and morphology of the target built structure.
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Algorithm 2 Task Allocation

1: for each bin B in the Building Sequence Tree do

2 while B C building block b do

3 S <—size of the building block b

4 if there is robot same size S in the system then

5: if there is available stock same size S then

6 if robot R same size S in at any pickup station then

7 Assign R to pick-up stock and place it at target location
8 Remove b from bin B

9

end if
10: else
11: Add stock (8 size S — 1 blocks) in front of the bin B to be built in situ
12: end if
13: else
14: Divide b into 8 size S — 1 blocks & add to B to build at new target locations
15: Remove b from bin B
16: end if
17: end while
18: end for

Larger Robots Picking
up Hierarchical Blocks

Placing Smaller

Smaller Robots
Building Stock

Pickup Stations
(Voxel Feeders)

Stock Ready -
for Pickup

Figure 5.15: Hierarchical Construction. Example construction site where smaller robots
build hierarchical building blocks near the pickup locations for the bigger robots to pick up
and place them in the final destination.
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5.3 Methods

5.3.1 Hardware Fabrication and Components

The material robot system employs a variety of off-the-shelf and custom hardware. A complete
bill of materials is provided in Table 5.1. Figure 5.7 illustrates the assembly process for a
single voxel face and a complete voxel. Voxel circuit boards were printed by PCBWay custom
prototyping using 1.6mm FR4 substrate and loz copper layers. Acetal faces were lasercut
using a Trotec Speedy-100 Flexx and laminated to voxel circuit boards using Loctite SF-770
primer and Loctite 401 adhesive. Figure 5.8 shows disassembled actuator assemblies. The
elbow and wrist actuators use Hitec D950TW servo motors while the gripper is actuated by a
smaller Hitec HS-5087MH servo. Elbow and wrist components produced by fused deposition
modeling of PLA using Prusa MK3 printers. The gripper rotary actuator was 3D printed
using stereolithography of Formlabs Tough1500 resin and the Form 3 printer. The ESP32
control board and servo serial interface boards were milled on a Roland MDX-20 milling
machine.

5.3.2 Voxel Manufacturing

The voxel manufacturing process is shown in Figure 5.7. The PCBs arrive from the fabrication
house in a 2x2 panelized board. The molex connectors are soldered to this board as shown in
Figure 5.8(A) before separating the boards. Figure 5.7(B) shows the voxel side lamination
process. Tooling was built to locate the PCB and ensure the magnets were inserted with the
correct polarity. With the PCB and magnets in place, the acetal face is activated with Loctite
SF770 before bonding with Loctite 401 cyanoacrylate. Figure 5.7(C) shows the assembly of
the individual sides into a completed voxel. The magnetic jig is used to hold pairs of sides at
a right angle during soldering.

5.3.3 Simulation Environment

I have developed a dedicated robotic swarm simulation environment, a digital twin, to test the
presented material robot system. The simulation tool was coded in JavaScript and Three.js
(https://threejs.org/) was used for 3d visualization. First, each component of the discrete
robotic toolkit CAD file is imported and assembled in place based on the robot’s parameters
(leg and arm length and robot width). An interactive environment was created where one
can explore these parameters and visualize the robot design space. Second, I derived the
inverse kinematics model for the carrier robot (dependent on the robot parameters) to get
the prescribed sequence of motor angles for each of the high-level robot steps. The robot
then can go from one location to another when given an array of these steps. Finally, another
layer of abstraction was added where the robot can be prescribed to pick up a voxel from a
pick-up location at x,,¥,, 2, to another target location at x, y;, z;, and the list of high-level
steps needed is automatically calculated. Using these abstractions, the self-replication demo
(Algorithm 1) was implemented.

As for the hierarchical path planning and assembly, the list of robots with their sizes
and initial positions is prescribed as an input as well as the location for the voxel pickup
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Table 5.1: Robot Material System Bill of Materials.

Voxel Face

Component Weight [g] | Price [USD] | QTY
Voxel PCB 1.6mm loz Cu 4.9 $1.89 1
Molex 788641001 Connector 0.04 $0.18 4
3/32" Diameter x 1/8" N48 Magnets 0.41 $0.12 4
Acetal Overlay, 1.6mm 4.2 $0.40 1
Totals 10.9 $3.49 10

Voxel

Component Weight [g] | Price [USD] | QTY
Voxel Face 10.9 $3.49 6
Totals 65.4 $20.94 6

Elbow Actuator

Component Weight [g] | Price [USD] | QTY
Voxel Face 10.9 $3.49 2
Hitec D950TW Servo 68 $110.49 1
ATTiny412 Servo Serial Board 2.8 $0.45 1
FDM Active Arm 23.4 $0.98 1
FDM Passive Arm 26.7 $1.12 1
Thin section bearing 3.5 $1.89 1
m3 Heat Set Insert 0.475 $0.13 2
m2 Heat Set Insert 0.18 $0.14 8
m3xb SHCS 0.65 $0.09 2
m2x5 SHCS 0.225 $0.14 8
Totals 151.69 $124.55 27

Wrist Actuator

Component Weight [g] | Price [USD] | QTY
Voxel Face 10.9 $3.49 2
Voxel Face (Wrist) 16.3 $3.49 1
Hitec D-950TW Servo 68 $110.49 1
ATTiny412 Servo Serial Board 2.8 $0.45 1
FDM Active Arm 7 $0.15 1
m2 Heat Set Insert 0.18 $0.14 4
m2x5 SHCS 0.225 $0.14 8
Totals 118.42 $123.22 18

Gripper

Component Weight [g] | Price [USD] | QTY
Voxel Face 10.9 $3.49 1
Voxel Face (Gripper) 16.4 $3.49 1
Hitec HS-5087TMH Servo 21.9 $35.27 1
ATTiny412 Servo Serial Board 2.8 $0.45 1
SLA Gripper 7.2 $1.05 1
FDM Locating Bosses 0.52 $0.02 8
m3xb SHCS 0.65 $0.09 2
m2x5 SHCS 0.225 $0.14 2
Totals 65.11 $44.37 17

Control And Power Unit

Component Weight [g] | Price [USD] | QTY
ESP32 WROOM-32D PCB 13.9 $3.80 1
7.4V, 1 Ah Li Polymer Battery 54 $12.99 1
FDM board support 1.69 $0.04 2
FDM battery support 2.69 $0.06 2
m2 Heat Set Insert 0.18 $0.14 6
m2x5 SHCS 0.225 $0.14 6
Totals 79.09 $18.66 18

stations. Given an input mesh of the target shape to be built, the adaptive shape compiler
outputs the building sequence tree which is a nested ordered list of bins ordered according
to their layer number, block size and SDF value. Each bin is a unordered list of blocks
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with their corresponding x;, y:, 2; location. Finally, the planning and assembly of the path is
implemented according to the Algorithm 2, and an abstracted CAD model was used for the
representation of the robot.

5.4 Discussion

I have introduced a material-robot system that extends the concept of robotic swarms by being
able to construct serially, recursively (making more robots), and hierarchically (making larger
robots). This freedom in component composition is supported by algorithms for compiling
shapes into swarms for constructing them and for planning their paths, and I evaluated their
scaling through simulation showing the geometry dependence of these heterogeneous swarms.
The hardware presented is an instantiation of a collective robotic system capable of recursive
and hierarchical construction. It is used as an exemplary embodiment to do the scaling
calculations/analysis presented, and it serves as a guideline for the requirements needed for
future development. Future work will combine these contributions at scale. The system
shown uses magnetic connections between the voxels. These are sufficient to demonstrate
robotic assembly and locomotion, but joints with improved stiffness and strength will be
required for continuum metamaterial behavior in higher-performance structures [6]. For
ease of automation recent work has demonstrated that this can be achieved with a captive,
interlocking, androgynous fastener 76|, and other possible solutions include electro-permanent
magnets [77] and bistable latches [78|.

For actuation we used commercially available digital servo motors, with an average net
force output of roughly 57 N/kg and upper torque limits of around 10 N - m [79]. This
granularity limits the system scalability, which could be addressed through the serial and
parallel addition of one-bit actuators [71]. Beyond self-replication and hierarchy, this system
also enables a large design space in robot morphology. Preliminary work has shown a range of
kinds of locomotion through distributed deformations rather than rigid joints. Robot design
tools, such as those for 3D printed robotic creatures [22, 80|, will be needed to simulate and
optimize over these expanded degrees of freedom.

The algorithms presented are centralized; scalable compilers [81] and decentralized control
strategies [82] will be needed as the system size grows. These algorithms provided constructive
demonstrations but are not shown to be optimal; more complex path planning and collision
avoidance strategies could be implemented to decrease the construction time [45|, and
exploring the number and location of pickup stations is an important design parameter
that greatly affects the robots’ throughput [43]. Finally, simulation to determine stress
and deflection of the structure being built under static and dynamic robot loading can be
pre-computed or monitored in real time for larger structures [83].

These swarms have a range of potential applications in areas that today either require
substantial capital investments for fixed infrastructure or are infeasible; candidates include
seismic metamaterials [84], automobile assembly lines [85], aircraft subsystems [86] and
airframes [87].
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5.5 Recap

The introduction of self-replication and hierarchy into robotic swarms challenges the historical
correlation between large objects needing large machines to make them. The ability of this
system to span both scale and number offers the potential for exponential increase in capacity
when it is needed, and, just as importantly, an exponential reduction when it is not. Sharing
the same underlying principles, this promises to bring the dynamic range of biological growth
into manufacturing processes.
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Chapter 6

Shape-Control Optimization of
Reconfigurable Digital Material Robots

6.1 Introduction

Beyond fabrication, I next explore how these robotic agents can be embedded within structures
to enable reconfiguration over their lifetime. This chapter expands the scope of inverse design
from static structures to dynamic systems that can adapt their morphology and behavior in
response to environmental or programmatic changes.

Modular reconfigurable robots offer lots of advantages in contrast to traditional monolithic
robots. They are viewed to be more versatile, adaptable to different tasks if needed, simpler
hence faster to manufacture, cheaper and more cost-effective, and more robust as modules
can be replaced easily in case of maintenance or damage [88], [65], [89]. Modular self-
reconfigurable robots are categorized into different categories based on their geometrical
features and arrangements [89], mobile robots, chain-types, lattice-type, and hybrid structures
where the modules could either assembled into lattices or chains, similar to the reconfigurable
modular system I are introducing here. These robots’ reconfiguration could be categorized
into manually reconfigurable and self-reconfigurable systems [65]. The self-reconfigurable
systems are usually costly /not scalable as each module is very complex and assumed to
be able to navigate on or around the structure and dock/attach to it. In my approach to
self-reconfiguration, I assume the existence of an assembler robot [43], [44] that is made of
the same simple modules it hence capable of self-replication [44].

The co-optimization of the shape (body) and control (brain) of modular robots has been
a long-standing goal, to create artificial life [90]. This problem is viewed to be intractable
because of the high dimensionality of the design space and ways to approach the problem. It
requires finding an efficient, yet expressive, design representation for the robots and their
controls, as well as appropriate search methods that balance exploration and exploitation.

The choice of modular, higher-level components, and limited architectures has been widely
used because, even though it constricts design freedom, it expedites convergence as the design
space becomes more tractable. Grammars (linear grammars [90], [91], graph grammars [91],
[92], [93], spatial grammars [94] ) have been used as representations to express design rules
and inherently include physical and fabrication constraints. As for the control, different
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methods have been used, either evolving centralized controllers [92], distributed controls,
fixed manual controls [94], [95], joint control [96], or reinforcement learning [97].

As for the search methods, evolutionary algorithms strategies are widely used [98], [99]
but are resource-extensive, do not guarantee optimality (as they often lead to local minima),
and their results are not reproducible with subsequent runs. Recent approaches use graph
search and deep learning for learning and predicting heuristics for an efficient search process
to reduce the number of expensive evaluations/simulations [92], [95].

Finally, recent studies showed that the search method is not the only factor that affects
the quality of the search, but also the timing of the search/evolution process. In most of the
cases mentioned above, the development / search process is performed before the start of
the evaluation process, but recent findings [100], [101] show that continuing the development
process where the robot reconfigures while interacting with the environment can result in
more efficient robot designs.

6.2 Results

6.2.1 Modular Robot Design Tool

~—

%)
&

V: rigid voxel Je: elbow joint E: Rubber End
Q oy
© Y %)
Jw: wrist joint Va: tendon actuator voxel C: semi-compliant voxel (nothing end)

Figure 6.1: Discrete Robotic Toolset

I introduce a fully automated workflow for the generation and reconfiguration of modular
robots based on high-level tasks. I suggest a framework to search for the optimum robot
shape-control given a task. I started by developing a robot shape grammar based on the
discrete robotic toolkit introduced in [44] (see Figure 6.1).

[ first developed a robot design environment in NVIDIA Omniverse using Isaac Sim [102]
where the user can design any robot and interact with it/test different control strategies
(see Figure 6.2). What is unique about this is the realism between the design representation
tool and the real robot, and there is no abstraction happening as the underlying physics
description of each joint, as well as the limits, masses, and forces match reality which makes
the transition from sim2Real a straightforward process (see Figure 6.3).

Figure 6.4 shows a large family of robots that could be quickly built using the design
tool. This modular design tool represents a significant advancement in robotics research, as it
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Figure 6.3: Design Tool sim2Real

enables rapid prototyping and iteration without the time and resource constraints of physical
construction. The intuitive interface of the tool allows researchers to experiment with various
morphologies and configurations, accelerating the discovery of optimal designs for specific
tasks.

These designs are ready to be used in the Isaac Gym workflow [103] for reinforcement
learning, creating a seamless pipeline from conception to trained control policies. The ability
to quickly generate diverse robot designs also facilitates comparative studies and evolutionary
approaches that would be prohibitively expensive with physical prototypes. The Isaac Gym
environment provides a GPU-accelerated physics simulation that allows for parallelized
training across thousands of robot instances simultaneously, dramatically reducing the time
required to train robot control policies (see Figure 6.5).

The next step is to not only optimize the control of the robot but also morphology,
specifically for reconfiguration (see Figure 6.6). This integrated approach is crucial as it
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Figure 6.4: Robot Zoo

Figure 6.5: Robot Control Reinforcement Learning

enables task-specific adaptation where different physical structures can be optimized for
particular requirements. It allows for environmental adaptation as robots that can reconfigure
while interacting with their environment achieve more efficient designs than those optimized
beforehand [100], [101]. Furthermore, morphology optimization increases versatility over
traditional monolithic robots, helps overcome the high-dimensional design space limitations
that have traditionally made this problem intractable, and facilitates easier maintenance and
damage recovery through module replacement [88], [65], [89].

6.2.2 Shape-Control Optimization

The following section outlines a methodology currently under development for shape control in
modular robotic systems. While final results are still forthcoming, the framework establishes a
foundation for constructing physical robots and exploring novel, reconfigurable morphologies
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Figure 6.6: Robot Zoo and Graphs.

(see Figure 6.7). This approach aims to enable dynamic adaptation of structure and function
through integrated design and control strategies.

Concept Art for Optimization Result
Multi-Task: Go from point A to B to C

Figure 6.7: Multi-Task Robot Reconfiguration Strategy.

What makes this approach novel is the discretization of control parameters, making the
search more tractable and interpretable. I also introduce hierarchy in the discovery of new
morphologies by first optimizing subcomponents—such as legs performing specific gaits—that
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can be reused to design more complex structures. This makes the search much more efficient
and leverages symmetry, a principle widely observed in nature (see Figure 6.8).
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Figure 6.8: Shape-Control Hierarchical Optimization Workflow.

To build a robot, each timestep involves choosing one of four actions: starting a robot,
adding a voxel, removing a voxel, or terminating the process. The first action must always
be to start a robot, which places a control voxel (limited to one per robot). When adding
a voxel, you must specify both a neighboring voxel and the free face for attachment. You
also need to select the voxel type (cuboct, wrist joint, elbow joint, or end). For joint types,
you must choose the control signal shape and attributes from a finite list of discrete options.
Voxel removal is restricted to those connected to at most one neighbor. The final possible
action is to terminate, which completes the building or reconfiguration process (see Figure
6.9).

I assume a finite number of voxels of each type. Maskable PPO [104] is used to search
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for optimal policies for new tasks, whether for growth or reconfiguration. My evaluation
approach differs from standard reinforcement learning—I simulate after intermediate steps
and collect rewards immediately. This provides a heuristic for measuring the importance of
each incremental step, potentially accelerating the RL workflow and improving policy quality
(see Figure 6.10).

Traditional Shape-Control Optimization Workflow
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Figure 6.10: Integrated RL and Simulation Workflow.

I plan to use the modular robotic system introduced in [105] to automatically build the
newly designed robot and then deploy the control strategy on the real robot. The workflow
is already set up, and despite using an open-loop feedforward control strategy, there is good
alignment between the simulator and the real robot (see Figure 6.11).
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Figure 6.11: Sim2real: Control.

6.3 Recap

This chapter presents a novel framework for the design and control optimization of modular
reconfigurable robots, enabling task-specific reconfiguration and environmental adaptation.
By introducing a discrete approach to both morphology and control parameters, I have
established a more tractable search space that maintains interpretability while enabling
complex behaviors. The hierarchical discovery method, which optimizes subcomponents
before integrating them into more complex structures, significantly improves search efficiency
and leverages natural principles like symmetry. While comprehensive results are still being
finalized, the initial demonstrations show promising results, as well as good alignment between
simulation and physical implementation.
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Chapter 7

Design Integration: Physical Computing
Design Tool

7.1 Introduction

In this chapter, I extend the design scope from structural morphology to embedded intelligence,
integrating both the body (mechanical structure) and brain (electronic logic) within a unified
design process. In [106] we introduced DICE (Discrete Integrated Circuit Electronics) (see
Figure 7.1. Rather than separately developing chips, packages, boards, blades, and systems,
DICE spans these scales in a direct-write process with the three-dimensional assembly of
computational building blocks. To design and fabricate new systems with DICE we had to
create a new design tool /workflow.

Figure 7.1: Tiny and Meso DICE Parts [106].

Traditional electronics design workflows follow a sequential linear process that starts with
design, then analysis and simulation, and finally, system fabrication and testing. Often, these
stages are executed independently from each other, using different tools, making it difficult to
translate the feedback from the simulation or testing stages into viable design amendments.
This adds considerable inefficiency to an inherently iterative design workflow.
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7.2 Results

The Physical Computing Design Tool [107] is an integrated design tool for the design,
simulation, optimization, and fabrication of reconfigurable computing systems.

Computational
" Graph Analysis
3D Assembly of
Computing Nodes

Computing Nodes
Details and Code

Interchangeable Windows:

1|
HEEE

Assembler Live Control Optimization Convolutional Neural Networks Physics Simulation

Figure 7.2: Physical Computing Design Tool [107].

The following steps explain in detail the proposed design workflow:

1.

Design: The first step is to place the DICE nodes and visualize the 3D assembly of
the computing system.

Programming: The user then selects individual nodes to specify details, such as
processor type, connected neighbors, program, number of operations, maximum token
size, and so forth. During these steps, a connectivity graph is generated in real time,
showing the average computation and communication cost of each node based on these
pre-programmed node details. In the future, these numbers could be automatically
calculated by pre-compiling and profiling code for each node.

. Analysis: By treating the computation graph as a flow network, graphical algorithms

are used to find and highlight computation and communication bottlenecks. Based on
this analysis, design recommendations are generated and displayed, including suggestions
for different processors, extra nodes, or alternative routing.

Optimization: If the user wants to further optimize the reconfigurable computing
system, the performance projection graph tool visualizes the effect of each hardware
and software decision on the projected overall system performance. A generative
probabilistic programming model is used to draw samples from these inputs and project
the cost, energy use, and speed of the system. Using classic inference techniques, one
can infer the optimal hardware configuration for a given software workflow. In the
future, this could be extended to additionally perform hardware architecture discovery.
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5. Simulation: the simulation window allows the user to visualize the state and output
of the DICE computation. Currently, this shows the output of a simulated computation
provided on the host computer prior to physical assembly. In the future, this framework
will be used to visualize data from the DICE network.

6. Fabrication: In parallel with the previous steps, the real-time assembly control window
provides a simple mechanism for controlling the mechanical DICE assembler. Using
this feature, systems can be fabricated, programmed, and tested in real-time to quickly
pull in feedback and amend the system architecture accordingly.

This integrated design workflow paves the way for the design of discrete integrated circuits,
but also reconfigurable computing systems that can change and evolve while execution as
needed.

7.2.1 Voxel Invention Kit

The physical computing design tool was also used for the design and analysis of structures
made using the Voxel Invention Kit (VIK) [108]. VIK uses reconfigurable metamaterial
building blocks (termed functional voxels) that assemble into high-stiffness, lightweight
structures with integrated electronics (see Figure 7.3). New functionality has been added to
change the voxel type (five types: rigid/base voxels, microcontroller voxels, sensing voxels,
display voxels, and load voxels (where loads/forces are applied)).

Aluminum PCB Voxels

Pressure Sensing

Structural Stairs

Pressure Sensing Bridge

L
"trswwnmmanns

Figure 7.3: The Voxel Invention Kit (VIK) [108].

Then the user can run a structural mechanics simulation (using MetaVoxels), an animation
of the structure’s deflection (exaggerated 10x) appears, and the beams are colored based on
their stress value to identify potential points of failure. Finally, a summary of the results
(minimum and maximum displacement, minimum and maximum stress values, and safety
factor) is calculated and displayed at the bottom footer.
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In the unique interface, the user can make informed design decisions by having instant
feedback and visualization of the structure’s assembly and simulation in a simple integrated
design tool without going back and forth between different interfaces. Importantly, the user
does not need to understand any of what was just described. Voxels are assembled like
Minecraft, and the simulation window helps users understand the flow of mechanical forces
in their system without needing intuition or experience in this area (see Figure 7.4).

Voxels

Figure 7.4: Using Physical Computing Design Tool to Design a Chair using the Voxel
Invention Kit.

7.3  Co-Design of Mechanical and Electrical Components

The physical computing design tool unlocks the ability to be able to design the mechanical
components (body) of systems but also electronic components (brain) which makes it possible
to design multisscale digital material robots. Looking forward, this unified approach lays the
foundation for future autonomous systems that are not only reconfigurable in shape but also
in logic, paving the way for robotic systems that can adapt their morphology and behavior in
real time based on embedded sensing and computation.

Figure 7.5: Using Physical Computing Design Tool to Design the Body and Brain of Digital
Material Robots.
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Chapter 8

Case Study: How can Anyone Design and
Build a Pavilion in One Day?

8.1 Overview

In the previous chapters, I have presented methods for simulation, optimization, fabrication,
reconfiguration, and control of material-robot systems made from digital material. In this
final section, I will illustrate the practical integration of these methods through a detailed
case study. The central inquiry guiding this study is: "How can anyone design and build a
pavilion in one day?"

While the case study (see Figure 8.1) specifically addresses pavilion construction, the
underlying methods and principles are broadly relevant due to the discrete, modular and
adaptable nature of digital materials. Voxel-based construction simplifies the design process,
allowing individuals without specialized technical knowledge to efficiently design complex
structures. The modularity of digital materials enables rapid customization and scalability,
making this approach applicable beyond architecture to areas such as furniture design,
robotics, automotive, and aerospace engineering.

8.2 Design: Text to Viable Design

The first section addresses the "anyone" component of the question: how can someone with
no prior design or construction background design a pavilion (or a car, plane, etc.)? With
the growing popularity of large language models, one can now easily obtain image inspiration
for any design using simple text prompts. Using the text prompt "Pavilion in Dubai," T first
generated an inspirational image, followed by a multi-view generated hallucination. When
relying solely on the large reconstruction model (LRM), the resulting high-resolution textured
3D model revealed significant structural flaws: columns failed to reach the floor, and under
self-weight simulation, the pavilion would collapse. These issues stem from the fact that LRM
models weren’t trained on large-scale structures like buildings or complex multi-object scenes.

Therefore, I introduce a workflow to incorporate fabrication and physical constraints
into 3D models generated by generative Al (see Figure 8.1). This approach ensures that
generated objects satisfy functional and aesthetic requirements and optimizes the geometric
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Figure 8.1: Discrete Inverse Design Overview.

features based on these requirements. This is achieved through an automated process that
detects boundary conditions and affordances, enabling accurate evaluation of 3D objects
across diverse topologies.

In my proposed workflow, users specify both aesthetic and functional requirements for 3D
objects using only text prompts as input. I employ an off-the-shelf diffusion model [109] to
generate an image from the text prompt. Building on the workflow introduced in [110], T
leverage a multiview diffusion model and a sparse-view large reconstruction model to generate
a high-quality 3D model from a single image. Once the 3D model is generated, I optimize
the 3D neural implicit field against two objective functions: (1) a physical loss function to
enforce functional constraints and (2) an aesthetic loss function to maintain visual fidelity to
the multi-view generated images.

Using my workflow, the system automatically inferred that the objective function should
minimize compliance (i.e., displacement under self-weight). For physics-based evaluation and
gradient computation, I use a differentiable physics simulator based on the Material Point
Method (MPM) [111], which provides gradients of the objective function with respect to the
parameters of the 3D implicit neural field.

The neural implicit field is optimized to minimize the object’s compliance (i.e., deflection
under load) while maintaining a volume constraint that prevents drastic alterations to the
original geometry —allowing only essential modifications. The physics constraints corrected
the model by generating structural supports, such as legs and a base, to prevent sliding and
buckling. The workflow preserved the textures to match the multi-view reference images,
ensuring a balance between structural integrity and aesthetic fidelity.
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Figure 8.2: Large Scale Digital Fabrication Methods Comparison (data from [112]).

8.3 Digital Material as a Sustainable Alternative in AEC
Industry

Now that we have a pavilion design, if it were a small object, we would simply 3D print it.
However, can we digitally fabricate a large object like a pavilion or building?

Digital fabrication methods for large-scale structures primarily include extrusion-based
processes, such as 3D concrete printing (3DCP), and assembly-based techniques like precast
modular reinforced concrete (MPC), cold-formed steel (CFS), and traditional stick framing
(see Figure 8.2). Although 3DCP offers design flexibility, its practical limitations include high
embodied carbon (47,131 kg CO2 for a small building) and significant machinery investment,
reducing sustainability and scalability. Modular precast concrete and framing methods like
CFS and stick framing demonstrate improved sustainability compared to 3DCP but suffer
from higher labor costs and extended construction times, ranging from approximately 20 to
65 hours, with high reliance on skilled labor [112].

In contrast, voxel-based construction methods uniquely enable both high material efficiency
and rapid assembly. This approach significantly reduces material mass, achieving lower
embodied carbon levels (e.g., 12,501 kg CO2 for a wood-based voxel system). Furthermore,
voxel-based methods leverage automation, drastically cutting construction time to as little as
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Figure 8.3: Digital Material.

10.64 hours with increased robot numbers. This makes voxel-based construction the only
viable solution capable of meeting the ambitious target of designing and building a pavilion
within a single day. The inherent modularity, robotic compatibility, and error-correcting
assembly features of voxel systems establish their clear quantitative advantage in speed,
sustainability, and scalability compared to other digital fabrication methods [112].

The Voxel Invention Kit (VIK) [108] further enhances the capabilities of voxel-based
construction by providing a versatile, reconfigurable system suitable for rapid prototyping
and scalable design. The kit comprises modular voxels that integrate structural and electronic
functionalities, enabling users to quickly assemble and modify complex structures without
extensive technical expertise. The simplicity and flexibility of VIK facilitate iterative design
processes, significantly accelerating prototyping and experimentation.

By leveraging the inherent modularity of voxels, VIK allows for dynamic reconfiguration
of structures, enabling quick adaptation to changing requirements or conditions (see Figure
8.3). This feature is particularly advantageous in scenarios requiring frequent modifications,
such as temporary installations, adaptable architectural environments, or disaster relief
shelters. Additionally, the integration of electronics within the voxel modules allows for
embedded sensing and control, with need to care about wiring, further expanding the
functional capabilities of the assembled structures and supporting advanced applications
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Figure 8.4: Optimized Microstructures.

such as responsive environments and smart infrastructure. Regarding the skin, based on
previous research [9] [3], there are numerous design approaches available, including discrete
cellular elements (such as scales and panels) or even continuous elements, with the selection
depending on weather conditions and other functional requirements.

8.4 Microstructure Optimization

Even though the VIK elements are high performance (low density and stiff), we can further
use the workflow introduced in chapter 3 to optimize the microstructures. The workflow is
highly scalable and can generate a list of optimized microstructures within seconds, specifically
tailored for the pavilion to achieve even greater stiffness using the same amount of materials
(see Figure 8.4).

8.5 Swarm Robotic Construction

Next question: are we really able to build it in one day? The relative robots introduced
in chapter 5 are ideal for implementing digital material construction in the AEC industry.
Unlike other methods, they don’t require building structures larger than the building itself to
build it, and the process can be highly parallelized. Assuming each robot takes 3 seconds
per action, two robots can construct a bmx5mx3m room in 8 hours. This efficiency can
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Figure 8.5: Swarm Robotic Construction.

be further enhanced by deploying multiple robots to build other rooms simultaneously (see
Figure 8.5).

For the pavilion, using the path planning algorithm introduced in [43] [44], if we deploy
4 robots similar to the configuration in Figure 8.6, each would take approximately 29,131
timesteps to complete its assigned section. This would require a total of approximately 24.27
hours to complete the pavilion.

8.6 Design of Reconfiguration

Beyond static construction, we can leverage the methodologies presented in chapter 4 to
design through time, approaching the pavilion as a dynamic entity capable of reconfiguration.
Similarly, we will approach the design of the built environment as a program describing how
different components of the environment are built, actuated, and reconfigured rather than as
a static description of elements in space. The natural environment is far from static, and the
objects we design must be the same. They should be responsive to external triggers along
different timescales: seconds (human touch/interaction), minutes (structural loads), hours
(thermal lighting conditions), days (change of activities), seasons (weather), or even years
(function).

Figure 8.7 shows an example of a trained NCA that can describe the reconfiguration of the
pavilion through time. This advanced model captures how the structure can adapt to changing
requirements or environmental conditions. The relative robots that were used to build the
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Figure 8.6: Pavilion Swarm Robotic Construction.

structure can also be utilized for reconfiguration tasks. This dual-purpose functionality
demonstrates the versatility of the robotic system, allowing for both initial construction and
subsequent modifications without requiring additional specialized equipment.

Furthermore, relative robots can be reconfigured for secondary purposes during the
building lifecycle (see Figure 8.8). These versatile robots can transition from construction
agents to maintenance workers, performing tasks such as structural monitoring, cleaning
building facades, repairing damaged components, and even upgrading building systems as
technology evolves. Additionally, they can be programmed to reconfigure interior spaces
based on changing occupant needs, transforming living or working environments without
requiring extensive demolition or reconstruction. Furthermore, the relative can be later
reconfigured to perform other tasks during the building lifecycle (see Figure 8.8).

The modular nature of these robots represents a paradigm shift in the way we approach
building life cycles. Their adaptability reduces the need for specialized equipment for
different building phases, significantly lowering operational costs and environmental impact.
This versatility is particularly valuable in remote or resource-constrained environments
where importing specialized equipment is challenging. Moreover, the ability to repurpose
construction robots for ongoing building management creates a continuous feedback loop
between the physical structure and its maintenance systems, enabling truly responsive
architecture that can evolve over time rather than remaining static after initial construction.
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8.7 Recap

This case study presents a novel workflow that integrates generative Al with physics constraints
to produce functional and manufacturable 3D models. By incorporating automatic boundary
condition detection and optimizing neural implicit fields based on both aesthetic and structural
requirements, my approach ensures that generated designs are not only creative alternatives
but also physically viable. The results demonstrate the potential to combine Al-driven
creativity with engineering rigor, paving the way for more reliable generative design solutions
in various applications.
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Chapter 9

Conclusion

In this dissertation, I have introduced the concept of inverse discrete design as a novel
paradigm to bridge the gap between digital modeling and physical realization across multiple
scales and disciplines. This approach leverages interdisciplinary perspectives, where the same
tools and workflows can be used to design complex environments that concurrently model
and fabricate electronics, furniture, buildings, cars, planes, and cities.

9.1 Summary of Contributions

This thesis contributes significant innovations through the development of novel simulation
frameworks, optimization techniques, and fabrication methodologies. These key advances
include:

e A differentiable multi-scale multi-physics simulation tool for both static and dynamic
mechanical metamaterial simulation.

e Multi-scale topology optimization workflow for the inverse design of discrete mechanical
metamaterials.

e Target-based optimization workflow for the growth and reconfiguration of cellular
structures and soft robots.

e Advanced path planning algorithms—swarm, recursive, and hierarchical—for scalable
robotic swarm assembly.

e Shape-control optimization workflow for discrete modular robots.

e Comprehensive design tool to integrate physical computing design with fabrication
processes; for the co-design of mechanical and electrical components.

e Workflow for text-to-3D generation integrating physics simulation for design validation.

e End-to-end inverse design workflow for electromechanical systems that transforms text
specifications into designs and path planning for both construction and reconfiguration
throughout their lifecycles.
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9.2 Open-Source Tools

1. MetaVoxels: Hierarchical Simulation of Metamaterial: www.cba.mit.edu/amiraa/metavoxels

2. Inverse Design of Discrete Metamaterial: www.cba.mit.edu/amiraa/Inverse-Design-of
Discrete-Metamaterial

3. Recursive and Hierarchical Robotic Swarm Assembly: www.cba.mit.edu/amiraa/self-
replicating-hierarchical-robotic-swarms

4. NVIDIA Omniverse MetaVoxels Designer: www.cba.mit.edu/amiraa/nvidia-omniverse-
metavoxels

5. Physical Computing Design Tools: www.cba.mit.edu/amiraa/physical-computing-design-
tools

9.3 Impact
This could have significant implications:

1. Environmental Impact: The approach significantly reduces embodied carbon through
optimized interdisciplinary digital material structures. By designing components that
can be efficiently reused, reconfigured, and repurposed throughout their lifecycle, we
minimize waste and resource consumption. This system enables precise material alloca-
tion only where structurally necessary, potentially resulting in a significant reduction in
material usage compared to conventional methods.

2. Economic Impact: The proposed methodology revolutionizes the construction in-
dustry by enabling high-throughput fabrication and streamlined onsite assembly. This
transformation could reduce construction timelines while lowering labor costs through
automated processes. Additionally, the standardization of digital components creates
new markets for specialized fabrication services and material suppliers.

3. Social Impact: By democratizing interdisciplinary design and fabrication, this ap-
proach empowers communities previously excluded from the design process. Open-source
platforms and accessible tools allow diverse stakeholders to participate in creating their
built environment, fostering greater inclusivity and representation in design outcomes.
Educational initiatives built around these methodologies could help bridge technological
divides and create pathways to high-skilled employment in emerging digital fabrication
sectors.

9.4 Future Directions

Potential research directions enabled by this dissertation include:
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1. Voxels Capabilities (Bottom-Up Approach): One potential direction involves
expanding voxel capabilities by enhancing flexibility across different lattice structures
and multiscale hierarchical grids. Transitioning from static assumptions, shape-changing
voxels could be developed, dynamically tuning stiffness and geometry to create significant
global structural adaptations. The incorporation of force-sensing capabilities presents
an opportunity for developing real-time optimization methods, enabling structures to
adapt dynamically to changing external conditions. Additionally, exploring sustainable
and compostable materials for voxel fabrication emerges as a promising direction to
minimize environmental impacts.

2. Applications and System Integration (Top-Down Approach): Another signifi-
cant avenue involves application-driven research inspired by biological systems, focusing
particularly on the design of semi-rigid and semi-soft robotic structures with directional
compliance. Building upon existing research in reconfigurable structures and adaptive
robot swarms, future work could focus on robust systems capable of operating under
unpredictable or evolving boundary conditions. The advancement of "Reconfigurable
AlL" involving three-dimensional physical computing systems that dynamically evolve
hardware configurations based on new tasks or discoveries, is another exciting possibility.
Additionally, developing large-scale structures with distributed actuation and active
damping capabilities suitable for extreme environments, such as space applications,
presents intriguing potential.

3. Integrated Design Tools: This introduced workflow could be improved by enhancing
the physical-digital integration by embedding error detection and correction capabilities
directly into physical prototypes, facilitating real-time feedback loops with digital model-
ing platforms. Developing declarative workflows tailored for non-experts, incorporating
physical guarantees, and employing interpretable machine learning techniques could
further democratize access to these technologies. Moreover, reimagining geometric
representations by integrating material, physical, and fabrication properties into co-
hesive design frameworks presents a valuable research opportunity. Continuing the
development of dynamic frameworks to model the growth, evolution, and reconfiguration
of physical systems enables adaptive designs that respond to changing conditions over
time. Finally, integrating the human aspect in the loop will be important to make sure
that the automated workflows find optimized, yet creative solutions.
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